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Abstract

Group cohomology appears in many different number theoretic questions and has
various interpretations which make the theory very versatile and give rise to sur-
prising connections. We will see some general methods for working with group
cohomology as shown in [9] and [21]. Central results are Hilbert’s Theorem 90,
restriction-corestriction and the inflation-restriction sequence.

These methods then accompany us throughout the rest of the text where we
see how to use them in number theory. In most cases concrete consequences about
diophantine equations, for example the weak Mordell-Weil theorem, can be derived
from the theory. Further, we outline some of the connections between group coho-
mology, Galois Descent and central simple algebras, our main source being [9].

Moving on we prove local class field theory like in [16] and [5] and we state what
carries over to the global case where we encounter certain local-global principles
and Artin reciprocity which is a vast generalisation of the famous law of quadratic
reciprocity. In particular, we show how these generalised reciprocity laws can be
used to give restrictions on hypothetical solutions to the Fermat equation as in [15].
Finally we give an original proof of the Artin-Schreier theorem based on the much

deeper Merkurjev-Suslin theorem.
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1 Introduction

The starting point of this text are Diophantine equations, that is polynomial equa-
tions with integer coefficients for which we seek solutions in the integers or rational
numbers. This is an ancient subject, and an almost endless supply of very different
tools have been developed to study such equations. We will look at the subject from

the perspective of homological algebra. Let us start with some simple examples.

Consider the equation 2% + y?> = 1. The rational solutions are precisely pairs

of the form = = %,y = agf;Q with a,b € Z. There is a simple geometric proof

by choosing the rational point (—1,0) on the circle and then drawing lines with

rational slopes through this point. But one can also see Galois Cohomology here.
The equation can be rewritten as N(x + iy) = 1, where N is the norm of the
extension Q(7)/Q and solving the equation is equivalent to determining the kernel
of N:Q(i)* — Q*.

Here we reach the first theorem of Galois Cohomology: Hilbert’s Theorem 90.
It states that the kernel of Nk /g where K/Q is a cyclic extension consists precisely
of elements of the form a = 3/0(f), where o is a generator of Gal(K/Q). One can
use this to recover the parametrisation of Pythagorean triples. Hilbert’s Theorem
90 itself has been generalised in many directions, in particular it can be interpreted
as the vanishing of a certain cohomology group. Using this vanishing one can then
easily derive the theory of Kummer and Artin-Schreier extensions which are a central
ingredient in the proof that solvable Galois groups correspond to equations which

can be solved by radicals.

Thus we are able to solve a Diophantine problem because there is more algebraic
structure than in just a random equation. This is a general theme in this subject.
One exploits certain algebraic structures and their interaction with Galois groups to
solve number theoretic problems. Note that the negative answer to Hilbert’s 10th
problem by Yuri Matiyasevich shows that there is no theory of random equations so
one has to study special classes of equations. A key example of using algebra to solve
diophantine equations is Galois Descent. One has two structures over a field K, for
example curves and a Galois extension L/K. If the structures are isomorphic over
L they are not necessarily isomorphic over K but cohomology precisely classifies all
possible obstructions. This can be used to answer whether certain curves have a
rational point or not by studying an elliptic curve which is only isomorphic to the
original curve over a larger field. For example that 323 + 4y + 52 = 0 has no
rational points can be shown by studying the curve x3 + 3® + 602® = 0 which has a

rational point!

Probably the most impressive application of group cohomology to number theory
is class field theory which in some sense classifies the abelian extensions of a local

or global field. As a famous consequence we derive the Kronecker-Weber theorem
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which states that the maximal abelian extension of Q is given by adjoining all roots
of unity to Q. The modern way of proving class field theory is by first proving it
for local fields and then deriving the global theory by studying what happens in all
the completions. This gives rise to local-global principles like the Hasse Principle
which states that a ternary quadratic form has a solution over Q if and only if it
has solutions in @Q, for all p and in R. One also recovers quadratic reciprocity and
more generally for any monic polynomial f € Z[x] whose splitting field is abelian
over Q one can find congruence conditions to determine when f has roots modulo

a prime p.

2 Group Cohomology

Galois Cohomology is a special case of group cohomology which we introduce in this
section. To find solutions to diophantine equations is equivalent to finding solutions
which are fixed under the action of a Galois group G. This is why it is natural to
study the functor A — A% which sends an Z[GJ]-module A to its G-invariants. This
is a left exact functor and so homological algebra tells us that it is fruitful to study
the right derived functors which will be exactly the group cohomology.

For example, taking mth powers is surjective in an algebraically closed field and

so there is an exact sequence
- X X
1= pum—Q B Q —1.

The corresponding sequence of Gg-invariants is not exact anymore but it can be
extended to a long exact sequence in cohomology and so we get information about
the mth powers in Q. This leads to the theory of Kummer extensions and similar
ideas give rise to a proof of the Mordell-Weil theorem on Elliptic Curves. In this
chapter we outline the theory of group cohomology as presented in [9], [19] and [21].

2.1 Some Resolutions

Let G be a group and let Z[G] = @, gZ be its group ring with multiplication
induced by the group operation in G. A Z[G]-module is the same as an abelian group
with an action of G by automorphisms. By letting G act trivially, any abelian group

becomes an Z[G]-module. For example we do this for Z in the following definition.

Definition 2.1.1. Let A be a Z|G]-module and ¢ > 0 an integer, then we define the
cohomology and homology groups by

HY(G, A) == Exty, (Z, A)
H,(G,A) = Toqu[G](Z, A).
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A HI(G, A) is the gth right derived functor of
A A = {a € A: Stab(a) = G} = Homyg)(Z, A)

and A — H, (G, A) is the gth left derived functor of
A= Ag=A/{a—ga:ac A gcG)=7ZQzq A

See [4] for the theory of derived functors and in particular of Tor and Ext. We
will almost exclusively study the cohomology groups H?(G, A) and homology will
only briefly appear in our treatment of class field theory. To compute HY(G, A) =
Eth[G (Z, A) we need a projective resolution of Z.

Lemma 2.1.2. There is a free resolution of Z as a Z|G|-module with trivial action
of G
5 2P S 76 S Z[G) S 7 0,

with d(go, - .., 9q) = >io(=1) (g0, - -+ Gi - - -, gq) for ¢ >0 and g; € G, where the g,
indicates that we leave out this index. The map d : Z|G| — 7Z is defined by mapping
g1 for all g € G. Here G acts diagonally on Z[G*H].

Proof. Let S be a set of right coset representatives of G < G9*!, then S is a Z[G]
basis of Z[G7"!] and so the resolution is free.

We have d? = 0 since

d2<907 e ng> = Z(_1)2+]<907 e JgAjv e 7§’£7 st 7gq)

j<i
+Z Z+J1g07'-'7gAi7"”gAj"”7‘qq)

1<j

and those sums cancel.
To show exactness we prove that the identity Z[G*] — Z[G*] is nullhomotopic.
Such a nullhomotopy is given by h, : Z[G] — Z[GT™] : (91,---,9,) — (1,91, -, 9,),

because then

(dhq+1+hqd>(907"'7gq):d(17907"'7gq _'_Z gO?"'7gAi7"'7gq)
q+1
=(90,---19q) —1—2 V(1,905 9155 9q)
+Z 1 gO?"'agAiw'wgq) (g07"'7gq)' O

Definition 2.1.3. We denote the resolution from the previous lemma by Po(G) —
Z — 0. The indexing is chosen such that P,(G) = Z[G™™] for n > 0.
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Definition 2.1.4 (inhomogeneous cochains). Let G be a group and A a Z|G]-
module, then let C1(G, A) denote the abelian group of functions G* — A for q¢ > 0.

Lemma 2.1.5. There is an isomorphism C*(G,A) = Homg(Ps(G), A) such that

under this isomorphism the differential d becomes

(df)(g1,---59¢) =g1f(g2, -, 9q)

qg—1
+ Z<_1)Zf(gl7 vy 3iGig 1,0 - agq) + (_1)qf(917 e agq—l)-
i=1
Proof. Note that the elements

9153 9q) = (1,91, 0192, - -, 912 - - - Gg)-

form a Z[G]-basis of Z|G4*'] = P,(G). This choice of basis induces an isomorphism
C(G, A) = Homg(P,(G), A) and we have

qg—1
d([glv s 7gq]) - 91[927 s 7gq] + Z(_l)z[glv ey GiGig1, - - 7911] + (_]—)q[gl: s agq—l]a

i=1

as required. O

Corollary 2.1.6. Let G be a group and A a Z|G]-module, then
HY(G,A)={f:G — A f(gh) = gf(h) + f(9)}/{g = ga —a| a € A}.

Proof. We have d : CY(G,A) — C*(G,A) : f— df(g,h) = gf(h) — f(gh) + f(9)
and d : C°(G, A) — CHG,A) : a s (g ga— a). O

Corollary 2.1.7. In particular if the action of G on A is trivial, then H' (G, A) =
Hom(G, A).

2.2 Hilbert’s Theorem 90

As a first application of group cohomology we discuss Hilbert’s Theorem 90, an
important result in Galois Theory. It can simply be interpreted as the vanishing
of H'(Gal(L/K), L*) where L/K is a finite Galois extension. It is a key building
block of Galois Cohomology and we will apply it frequently in this text.

Lemma 2.2.1. Let G be a group, L a field and S a finite set of homomorphisms
G — L*, then S is linearly independent in the L-vector space of functions G — L.

Proof. When S = {7}, then ar(e) = 0 implies a = 0. Now suppose the claim of the

lemma is false. Then we take a counterexample where S has minimal cardinality
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which is > 1 since the case |S| = 1 has already been established. Suppose we have

Zass =0,

seS

a nontrivial linear relation

for some a; € L. Since the relation was nontrivial and the |S| = 1 case is already
proven there must be ¢ # 7 € S such that a, # 0,a, # 0. Let h € G such that
o(h) # 7(h), then

> ass(hg) =) ass(h)s(g) =0,

ses seS
for all ¢ € G. Subtracting the first relation times 7(h) we get another linear relation
with coefficients as(s(h) —7(h)) which is nontrivial since o(h) # 7(h) and a, # 0. It
is also shorter than the original relation since for s = 7 we have as(s(h) —7(h)) = 0.

This is a contradiction to the minimality of S. O

Theorem 2.2.2 (Hilbert’s Theorem 90). Let K C L be a finite Galois extension
with Galois group G, then H'(G, L*) = 0, where we view L* as a G-module in the

natural way.

Proof. Let f € CYG,L*) be a cocycle, i.e. f(g192) = (g1 - f(g2))f(g1) for all
91,92 € G (in multiplicative notation). The previous lemma applied to the group

L* shows that the homomorphism

Zf(T)T:L—>L

TEG

is non-zero since f takes non-zero values and G is a finite set of homomorphisms
L* — L*. Thus there is § € L such that

8= f(r)7(6) #0.

TEG

Now we compute for any o € GG

o(B) = _a(f(r)or(0) =Y flor)f(o) or(0) = Bf(o) .

TeG TEG

Hence f(o) = /0(p) is a coboundary. O
Corollary 2.2.3 (Original Hilbert’s Theorem 90). Let L/K be a finite Galois ex-

tension with cyclic Galois group generated by o. Then every element x € L such
that Ni ik (x) =1 is of the form y/o(y), for some y € L*.

Proof. Let x € L such that Np,x(x) = 1, then consider the map f given by o™ —

n—l( n—2(

o" Hx)o"*(x)...xz. f is well defined since x is of norm one. It is a cocycle since

for all integers m and k
flofo™) = " (2) .. oM(x)o" (2) ... x = o (f(a™)) f(cF).
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By Hilbert’s Theorem 90 there is a y € L such that x = f(o) = y/o(y). O

Corollary 2.2.4. Let K C L be a finite Galois extension of degree d with Galois
group generated by o and let oy, ..., aq be a basis of L over K, then V = {x € L :
Nk (x) = 1} is in bijective correspondance with P*~'(K) via the map P4 (K) — V
given by

Z?:l Wit
Z?:l uio ()

Proof. By the original form of Hilbert’s Theorem 90 the map is surjective. To show

[ul,...,Ud] —

injectivity, let z,w € L* such that z/o(z) = w/o(w) and set a = z/w. Then
o(a) = o(2)/o(w) = « is fixed by the Galois group, which is generated by o. So

a € K and w and z have the same K-span i.e. are equivalent in P41 (K). O

Example 2.2.5. There is a bijective map from PY(Q) to the rational points on the

circle x* + y*> = 1 given by

a’> —b*>  2ab
a2+ b2’ a2 + b2

la,b] — (

Proof. Let (z,y) € Q% then x + 7y € Q(i) has norm 1 if and only if 2% + y? = 1.
Since Q(7)/Q is a cyclic Galois extension we conclude from the previous corollary

that there is a bijection from P!(Q) to the rational points on the circle given by

a+ib a?—b> . 2ab

— . L]
a—1ib a2—|—b2+za2+b2

la, b] —

Example 2.2.6. There is a bijective map from P?(Q) to the rational solutions of
o — xy® 4+ 2y /3 4+ w2® — 292 /34 427 /9 + 22% 2 — 22yz = 1.

Proof. Let K be the splitting field of f = 23 —x —2/3 over Q, then K/Q is a Galois

extension of degree 3 (because disc f = 16 is a square). Let a be a root of f, then
Nijo(x + ya + 20%) = 2° — 2y® + 2¢° /3 + 22° — 2y2* /3 + 42° /9 + 22°2 — 2wy,
To actually compute the bijection we would have to express the other roots of f in

terms of «. N

Example 2.2.7. Let w be a primitive 3rd root of unity. Then there is a bijective
map from P?(Q(w)) to the Q(w)-solutions to the equation x>+ 2y>+42% = 6zyz + 1.

Proof. This follows from the fact that N (z 4 y2'/3 + 24'/3) = 23 + 23 4+ 42% — 6xy2
and that Q(2'/3 w)/Q(w) is a cyclic Galois extension. O

When we see profinite group cohomology, Hilbert’s Theorem 90 will imply Kum-
mer Theory and Artin-Schreier Theory and it plays an important role in the study

of central simple algebras.



2.3 Cohomology of Cyclic Groups

With Hilbert’s Theorem 90 we already saw a connection between cohomology and

the norm map. This is a general phenomenon for cyclic groups.

Definition 2.3.1. Let G be a finite group and A a Z|G]-module, then we define the
norm map as N : A— Arx e 3] gz

The reason that the cohomology of cyclic groups is simple is the following special
resolution of Z which allows us to easily compute the cohomology of cyclic groups.

For example this is used in later chapters to prove class field theory.

Lemma 2.3.2. Let G = (o) be a finite cyclic group, then
L 710 S Z[6) ZS ZIG) - Z — 0

is a free resolution of Z, where the map Z|G| — 7Z is defined by mapping g — 1 for
all g € G.

Proof. Let n = |G|, then Z|G] = Z[z]/(z™ — 1) and so clearly the kernel of the
last map is the image of multiplication by ¢ — 1. The exactness at the other terms
follows from the factorisation (z —1)(1+a+---+a" ') = 2" — 1 and the fact that
N is multiplication by 1+ + --- + 2" L. O

Corollary 2.3.3. Hi"2(G, A) = HY(G, A) for ¢ > 1 when G is a finite cyclic group
and H1(G, A) 2 ker N/(o — 1)A if q is odd and H1(G, A) = AY/N(A) if q is even.

Example 2.3.4. If L/K is a cyclic extension with group G = (o), then by Hilbert’s
Theorem 90 ker N/(c—1)L* = HY(G, L*) = 0 and we recover the original statement
of Hilbert’s Theorem 90.

Example 2.3.5. Let G = (o) be a finite cyclic group of order n and A an abelian
group viewed as Z|G|-module with trivial G-action, then N : 7 — 7 is multiplication
by n = |G| and multiplication by (o — 1) is the zero map, hence H'(G,7Z) = A|n]
and H*(G,A) = A/nA.

Definition 2.3.6 (Herbrand quotient). Let G be a finite cyclic group and A a Z|G]-

module, then we define
h(A) = [H*(G, A)|/|H' (G, A)]
whenever both numerator and denominator are finite.

Lemma 2.3.7. Let 0 - A — B — C — 0 be a short exact sequence, then h(B) =
h(A)h(C).
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Proof. From the resolution 2.3.2 we get an exact hexagon

H'(G, A) — H'(G, B)

N

)
H%(G,C) HY(G,0)
H*(G, B) +— H*(G, A)

and as a result

[H(G, A)|H*(G, C)|H(G, B)| = [H'(G, A)||H(G, C)||H*(G, B)]
which implies h(B) = h(A)h(C). O
Lemma 2.3.8. If A is finite, then h(A) = 1.

Proof. Let o be a generator of G, then H'(G, A) = ker N/(o — 1) and H*(G, A) =
ker(oc—1)/N. Moreover, |A| = |ker N||N(A)| = | ker(c —1)||(c —1)A| and the claim
follows. N

2.4 Functorial Properties

A powerful method in group cohomology is ’dévissage’ to the case of a cyclic group
which, as shown above, have a very simple cohomology theory. The idea is that if G
is solvable for example, then we have a normal subgroup H < G and we would like
to understand how H9(G, A) depends on HY(H, A) and HY(G/H, A"). And even
more generally, it is often useful to know what happens with a group homomorphism

G — G’ on cohomology. There are a few natural maps which we now define.

Definition 2.4.1 (Functorial Pair). Let G and G’ be groups, A a Z|G]-module, A" a
Z|G')-module, f : G — G’ a group homomorphism and ¢ : A’ — A a homomorphism
of abelian groups which is compatible with f, i.e. ¥(f(g)a’) = gy(a’) for all g € G.
There is a natural chain map fu : Po(G) = Po(G") induced by f. Now precomposing
with v gives a chain map Hom(Py(G'), A") — Hom(P.(G), A). The induced map on

cohomology is called the map associated to the functorial pair (f, ®).

Definition 2.4.2 (Restriction). Let ¢ : H < G be a subgroup, then for any Z|G|-
module A, we get a functorial pair (1,id4) and the associated map, called restriction,

: G
is denoted by Resy;.
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Definition 2.4.3 (Inflation). Let H < G be a normal subgroup and 7 : G — G/H
the canonical surjection. Further let A be a G-module and 1 : A" — A the inclusion,
then the map associated to the functorial pair (mw, 1) is called inflation and denoted
by Inf%.

Definition 2.4.4. Let H < G be a subgroup and A a Z[H]-module. Like in rep-
resentation theory we define the induced module Tnd$(A) = Homgy (Z[G], A) and
we view Ind$(A) as a Z[G]-module by setting (gf)(y) = flyg), for f € Ind5(A),
y € Z|G] and g € G.

Induction is adjoint to restriction in the sense that there is a natural isomorphism
Homp (A, B) = Homg(A,Ind%(B)) for any Z[G]-module A and Z[H]-module B.

This extends to a similar isomorphism on cohomology as shown in the next lemma.

Lemma 2.4.5 (Shapiro). Let G be a group, H < G a subgroup and A a H-module,

then the map
HY(G,Ind$ A) — HY(H, A)

induced by the canonical map v : ITndG A — A : ¢ — ¢(1) and the inclusion
t: H = G is an isomorphism for each g > 0.

Proof. (¢,1) is a functorial pair since ¥(c(h)p) = ¢(h) = ho(1) = hip(¢).

First we prove the lemma for ¢ = 0. Let f € Indg(A)G, then since f is G-
invariant, it is constant and f(1) = f(h) = hf(1) for all h € H, so ¢ : Ind5(A)¢ —
AH is an isomorphism.

Now suppose the lemma is true for ¢, then we prove that it holds for ¢ + 1.
Embed A in an injective Z[H]|-module I and set B = [/A. Then 0 — A —
I — B — 0 is exact and since Z[G] is a projective Z[H]-module (it is even free),
the sequence 0 — A’ — I' — B’ — 0 is also exact, where M’ = Ind% (M) for
M = A, I, B. Moreover Homg(—,Ind% (1)) = Homy(—, ) and so I’ is an injective
Z|G]-module. In particular H*(G,I') = H*'(H,I) = 0 and since the maps
HY(G,M') — HY(H, M) are induced by chain maps it commutes with the connecting

homomorphisms in the long exact sequences, i.e. we have a commutative diagram

HYG,I') — HYG,B') —— H™(G,A) —— 0

Js s y

HY(H,I) —— H(H,B) —— H'(H, A) —— 0

where «, f are isomorphisms by inductive hypothesis and so 7 is an isomorphism,
too. ]

Sometimes it is also useful to know the cohomology of the additive group of a
field L which is much simpler than the multiplicative group as we can easily deduce

now.
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Corollary 2.4.6 (Additive Hilbert 90). Let K C L be a finite Galois extension with
Galois group G, then HY(G, L") = 0 for all ¢ > 1, where L™ denotes the additive
group of L.

Proof. Using the normal basis theorem one can show that there is a G-module
isomorphism Lt 2 K[G] = Ind{ K. Now the theorem follows from Shapiro’s lemma
since if GG is the trivial group, 0 -+ Z — Z — 0 is a projective resolution of Z and
so all cohomology groups vanish for ¢ > 1. However, we could also use the weaker
statement from [9], that L" & L @ L = IndY L, where the G acts on L @k L on
the right factor. Then we get H(G, L)* = HY(G,Ind® L) = 0. O

Remark 2.4.7. The method of reducing to the case ¢ = 0 in the proof of Shapiro’s
Lemma s called dimension shifting and we will encounter it many more times since

higher cohomology groups often don’t have nice interpretations.

Definition 2.4.8 (Corestriction). Let H < G be a finite index subgroup, A a Z|G|-
module and R a set of coset representatives of G/H, then the maps id : G — G
and Ind%(A) — A : f = 3, f(r™) form a functorial pair which induces a
map on cohomology HY(G,Ind%(A)) — HY(G,A). This map composed with the
isomorphism from Shapiro’s Lemma is denoted Cor$, : HI(H, A) — HI(G, A).

In the previous definition we have to check that f +— > _,rf(r™') is a Z[G]-
homomorphism, independent of R. The independence of R is straightforward since

f is a Z[H]-homomorphism. Let g € G, then for every r € R there is a unique
h, € H and s, € R such that 7—'g = h,s!. Now gf gets mapped to

SorfrTg) =Y rf(hes) =D gshy fhes ) = 9> s f (s ).

reR reR reR reR

Since r +— s, is a bijection, this shows that f— > _,rf(r~') is G-equivariant.

Lemma 2.4.9. Let H < G be a finite index subgroup, then Cor% o Res$; is multi-
plication by |G : H].

Proof. For ¢ = 0, we have that Res : A9 — A is the inclusion and Cor : A =
Ind%(A)¢ — A% : fs 3, o f(r™) =[G : H]f(1) and the result follows.

Assume the result has been proven for ¢ > 0 and embed A in an injective module
I. Then we have a short exact sequence 0 - A — [ — A" — 0 for A’ = I /A. Since
I is injective, we have H'(G, 1) = 0. Let a : H9(G,Ind%(A)) — H9(H, A) be the
isomorphism from Shapiro’s Lemma, then we can split up CoroRes = (Coroa) o
a !t o Res. Now observe that Coroa, a and Res are all induced by functorial pairs

and hence by chain maps. As a result there is a commutative diagram

HY(G,I) —— HYG,A") —— H™ (G, A) —— 0

l[G’:H] l[G:H] lCor oRes

HY(G,I) —— HYG,A") —— H™ (G, A) —— 0
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and the claim follows by induction. ]
Corollary 2.4.10. If G is finite, then |G| kills H1(G, A) for g > 1.

Proof. Let H = {id}, then HY(H,A) = 0 for ¢ > 1, since 0 - Z — Z — 0 is a
Z[H)-projective resolution of Z. Hence 0 = Cor$, o Res%, = |G. O

Corollary 2.4.11. Let H < G be a finite index subgroup such that p 1[G : H|, then
Resg 1S 1njective on p-primary components and Corg 1S surjective on p-primary

components.

Proof. Multiplication by [G : H] = Cor o Res is bijective on p-primary components
since p t [G : H|. Thus Res is injective on p-primary components and Cor is

surjective on p-primary components. O

Corollary 2.4.12. Let G be a finite group, A a Z|G] module and q¢ > 1, such that
for every prime p, there is a p-Sylow subgroup H < G with HY(H,A) = 0, then
H1(G,A)=0.

Proof. By 2.4.11, all p-primary components of H(G, A) vanish and since H1(G, A)
is torsion by 2.4.10, this proves the claim. ]

Lemma 2.4.13. Let H < G be a normal subgroup and A a Z|G]-module, then the

following sequence is exact.

0— HY(G/H,A") 2% HY(G, A) 2= HY(H, A).
Proof. We prove this by using the explicit description of H! from Corollary 2.1.6.
First we show injectivity of Inf. Note that Inf is induced by the map

C*(G/H,A") — C*(G,A): f — fom,

where 7 : G — G/H is the canonical surjection. Now let f € C'(G/H, A¥) and
suppose Inf[f] = 0, i.e. there is a € A such that f(gH) = ga — a for all g € G, then
for all h € H we have ha —a = f(hH) = f(H) =a—a =0 and so a € A¥. Thus
f(gH) = gHa — a for all gH € G/H and f represents 0 in H'(G/H, A").

Let f € CYG/H,A®), then f(h) = f(e) = f(e-e) = f(e) + f(e) = 0 for all
h € H. Hence Res(Inf([f])) = 0 already on the level of cochains.

Now suppose f € C'(G, A) is a cocycle such that f(h) = ha — a for some a € A
and all h € H. Let f'(g) = f(g9) — (g9a—a), then f’ represents the same class as f in
HY(G, A) and f’(h) = 0 for all h € H. Hence the cocycle condition f'(gh) = gf'(h)+
f'(g) implies that f’ is constant on cosets and f'(hg) = hf'(g)+ f'(h) implies that f’
takes values in A”. Hence f'(g) = f"(gH) for some f” € CY(G/H, A®). Moreover
f" is a cocycle since f"(g1HgoH) = f'(9192) = 911 (92) + f'(91) = g1 H f" (9 H) +
f"(¢1H). Hence the class of f lies in the image of Inf which shows exactness at

HY(G, A). O
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Corollary 2.4.14 (Inflation-Restriction Sequence). Let H < G be a normal sub-
group, ¢ > 1 and A a Z|G]-module such that H™(H,A) =0 for all0 < m < q, then

the following sequence is exact.

0 — HY(G/H, A" 25 H9(G, A) 2 HI(H, A).

Proof. By the lemma, the statement is true for ¢ = 1. Now suppose it is true for
some ¢ > 1, then we prove it for ¢ + 1. Embed A in an injective Z|G]-module
I. Then we first show that Il is an injective Z[G/H]-module. Suppose A C B
are Z|G/H] modules and f : A — I is a Z|G/H]-homomorphism, then via the
canonical map Z[|G| — Z|G/H], f is also a Z|G]-homomorphism A — [ and so it
extends to f : B — I. But since H acts trivially on B we have hf(b) = f(b) for all
b € B and hence f: B — I extends f.

Moreover, Hompy (—, I) = Homg(—, Hompy (Z[G], I)) and Hompy (Z[G], I) is injec-
tive since Z[G] is a free Z[H]-module. Hence [ is injective as a Z[H]-module.

Consider the short exact sequence 0 - A — I — B — 0 with B = I/A. This
sequence is also exact as a sequence of Z[H]-modules and since 0 < 1 < ¢ + 1, we
have H*(H, A) = 0 and so we find that 0 — A% — [T — B — 0 is still exact. As
Inf and Res are induced by functorial pairs and hence by chain maps, they commute

with the connecting homomorphisms and we have a commutative diagram

0 —— HTYG/H, APy 2Ly Hat(G,A) B qHIYY(H, A)

| | |

0 —— HY(G/H,B") — ™ HY(G, B) —2* H(H,B)

and because I (also as Z[H]-module) and ! are injective, all the vertical maps
are isomorphisms. It remains to show that the lower row is exact which follows by

induction since for all 0 < m < ¢ we have the exact sequence 0 = H™(H,I) —
H™(H,B) — H™(H,A) = 0. m

As hinted in the beginning of this section, 2.4.12 and 2.4.14 together can some-
times be used to reduce a problem to the case of groups of prime order p. For
example to prove global class field theory one has to show that H!(G,Cp) = 0 for
all finite Galois extensions K C L with Galois group G, where (', is the idele class
group. It suffices to check this for degree p extensions. And as we saw before, cyclic
groups have a particularly simple cohomology theory, thus greatly simplifying the

problem. Here are two explicit examples of applying this method.

Example 2.4.15. Consider the natural action of the dihedral group D,, on C, then
HYD,,C)=0 for all ¢ > 1.

Proof. Let H < D,, be the subgroup of rotations, then C# = 0 since rotations have
no fixed points except 0 and so H(H,C) = 0 for ¢ even. Moreover if ¢ is odd, then
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Hi(H,C) =ker N/(z —1)C = 0, where z is a primitive nth root of unity. Hence by
inflation-restriction H%(D,,,C) = HY(D,/H,C¥) for all ¢ > 1. But C¥ = 0 and as
a result H(D,,,C) =0 for all ¢ > 1. O

Example 2.4.16. Let G be a finite group acting trivially on Q, then H1(G,Q) =0
for all ¢ > 1.

Proof. By 2.4.12 it suffices to show this for p-groups. For a cyclic group it follows
immediately from 2.3.3, since in this case the norm map is just multiplication by |G/.
Now assume the claim holds for all p-groups of cardinality p® and let G be a p-group
of cardinality p**!. There exists a normal subgroup H < G such that G/H = Z/pZ.
By inflation-restriction and the inductive hypothesis we find H9(G, Q) = 0. m

The Inflation-Restriction Sequence connects the groups HY(G/H, A?), HI(H, A)
and HY(G, A) in a particular case. The general case is treated by the Hochschild-

Serre Spectral sequence [11] which we state here but whose proof shall be omitted.

Theorem 2.4.17 (Hochschild-Serre). Let H be a normal subgroup of G, then there
exists a spectral sequence E¥ starting at the Ey page which converges to H™(G, A)
and satisfies EY = H'(G/H, H/(H, A)).

To make sense of H'(G/H, H’(H, A)) we need an action of G/H on H’(H, A).
It is defined by letting g € G act by the functorial pair (h — ghg™',a — g~'a). For

a down-to-earth introduction to spectral sequences see [24, Chapter 1.7].

2.5 The Cup Product

In this section we introduce a multiplicative structure
H'(G,A) x H(G,B) - H" (G, A®y B)

called the cup product. For example it appears in class field theory as the Hilbert
symbol. We mainly follow the construction of the cup product presented in [9,
Chapter 3|. Given Z[G]-modules A and B we equip A ®z B with a Z[G x G]-
module structure in the natural way. For complexes A, and B, we define a complex

(A®z B), = @szn A; ®z B; with differentials

d: Y ;@b Y (da) ®b; + (—1)'a; ® (db;).

i+j=n i+j=n
It is straightforward to check d? = 0.

Lemma 2.5.1. Let P,Q be projective Z|G]-modules, then P ®z @ is a projective
Z|G x G]-module.
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Proof. Projective modules are direct summands of free modules, so let F}, F, be free
Z|G]-modules such that P® P’ = Fy and Q ® Q' = F5. Then (PRQ)® (P'®Q)®
(PRQ)® (PP®Q) =F ®F, and so it remains to show that F} ®z F» is a free
Z|G x G]-module. To see this we just have to check that Z|G|®7Z[G] is free. But this
follows easily from the isomorphism Z|G x G| — Z[G] @7z Z|G] : (x,y) —m z®y. O

Lemma 2.5.2. A bounded double complex with exact rows has trivial total homology.

Proof. The E; page of the associated spectral sequence vanishes and so the total
cohomology is trivial [24, Chapter 1.7]. But of course one could also prove this by

diagram chasing. O

Corollary 2.5.3. If M, is a flat bounded complex and N, is an exact bounded
complez, then (M @ N)o is exact.

Proof. Each of the rows M; ® N, is exact by flatness. O]

Lemma 2.5.4. Let P, — Z — 0, Qs — Z — 0 be projective Z|G|-resolutions, then
P, ®7 Q. is a projective Z[G x G] resolution of 7.

Proof. By 2.5.1 @,(P,—; ®z Q;) is a direct sum of projective modules and hence
projective. Projective Z[G]-modules are projective Z-modules since they are direct
summands of a free Z[G]-module and Z[G] is a free Z-module. Projective modules
are flat (since Tor; vanishes) and so (P ® @), is exact by 2.5.3.

It remains to show that (Qy ® Fp)/d(P ® Q)1 = Z. Note that as Z-modules, we
have Qo = d(Q1) ® Z and Py = d(P;) ® Z. This shows that Ph @ Qo =Z & d(P;) &
d(Q1) ®d(P;) ®d(Q1). On the other hand d(P ® Q)1 = d(P1) ® Qo+ Py ® d(Q1) =
d(Py) +d(Q1) + d(P) ® d(Q1) and the result follows.

U

Definition 2.5.5. Let P,, Qe be projective resolutions of Z and A, B Z|G]-modules.
Given a € Hom(FP;, A) and b € Hom(Q;, B) we define the cup product as (a Ub) :
Pi®zQ; = A®z B:p®q+— a(p) ®b(q).

Clearly the cup product is functorial in both arguments. More precisely if f :
A — A’ and g : B — B’ are G-homomorphisms, then f,(a)Ug.(b) = (f ®¢g).(aUD).

Lemma 2.5.6. For a € Hom(FP;, A) and b € Hom(Q;, B) we have the formula
dlaUb) =daUb+ (—=1)"(aUdb).
Proof. Unravelling the definitions we find
d(aUb) : pis1 ® gj +pi @ g1+ aldpirr) @ b(g;) + (—1)'a(pi) © b(dg;+1)

and hence the claim. O
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Lemma 2.5.7. The cup product induces a well-defined bilinear map H' (G, A) x
H'(G,B) - H" (G, A®z B).

Proof. 1If da = 0 and db = 0, then by 2.5.6 d(a Ub) = 0. Moreover if a = o’ + da”
and b =0 +db", then aUb = a' U +d(a” UY) + (—1)"d(a’ Ub") + d(a”" Udb") and
so the cup product is a well-defined on cohomology classes H (G, A) x H(G, B) —
H™ (G x G, A®zB). Composing this with the restriction associated to the diagonal
embedding G — G x GG, we get the desired map.

Moreover, the construction is independent of the projective resolutions because
if P,, P.,Q, and (), are projective resolutions of Z, then P, is homotopy equivalent
to P! and @, is homotopy equivalent to ),. These homotopy equivalences can
naturally be tensored together to a homotopy equivalence between (P ® @), and
(P' ® Q')s. The isomorphisms on cohomology induced by these equivalences are

compatible with the cup product construction. O

In degree 0 we recover the natural injective map AY®@ B¢ — (A® B)“. Moreover,

one can check that the cup product is associative and we have

Lemma 2.5.8. Using the canonical isomorphism A ® B — B ® A we may identify
HY(G,A®B) and H'(G, B® A). Under this identification we have aUS = (—1)9 U
a, where o € H'(G, A) and 8 € H(G, B).

Proof. We show something stronger. Let P, be a projective resolution of Z, then

there is an isomorphism of chain complexes ¢ : P, ® P, = P, ® P, mapping p® q €
P,® P; to (—1)Yq®p € P; ® P,. This is verified by the computation

d(p(p®q)) = d((=1)7q @ p) = (=1)(dqg @ p+ (—1)’q ® dp)
= (-1)"ig@dp+ (-1 Ydg o p = ¢(d(p @ q)). O

Lemma 2.5.9. Suppose 0 — Ay — Ay — A3 — 0 is exact and 0 - A1 ® B —
Ay ® B — A3 ® B — 0 remains ezact, then §(aUb) = (a) Ub for all a € H(G, A3)
and b € H'(G, B), where § is the connecting homomorphism. Similarly 6(a U b) =
(—=1)'a U d(b) for a € H(G, A) and b € H)(G, Bs), when 0 — By — By — B3 — 0
s a short exact sequence such that 0 - A®Q By - A® By — A® By — 0 remains

ezxact.

Proof Sketch. This essentially boils down to the fact that everything in the diagram
0 — Hom(P, ® Qs, A1 ® B) — Hom(P, ® Qo, A2 ® B) — Hom(Ps ® Qo, A3 B) — 0

commutes. See [9, Proposition 3.4.8] for the details. O

Often we have a Z-bilinear map b : A x B — C such that b(gz, gy) = gb(z,y)
and after composing with the induced map A ® B — C' we get a cup product with
values in H(G, C).
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Lemma 2.5.10. Let 0 - A; - Ay — A3 - 0and 0 — By - By, — B3 — 0
be exact sequences of Z|G|-modules equipped with a bilinear map b : Ay X By —
C for some Z|G]-module C and assume further that b is trivial on Ay x By and
compatible with the diagonal action of G on As ® By, then there are well-defined
induced bilinear maps Ay X By — C and Az x By — C and if we consider the
corresponding cup products we have 6(a)UB = (—1)"aUd(B) where « € H(G, As)
and 3 € H'(G, B3).

Proof. Let P, — 7 be a projective resolution. Lift a to o/ € Hom(P;, Ay) and
B to B € Hom(P;, Bs), then 6(a) U (3 is represented by b(do/, 5') and o U §(B)
is represented by b(a/,dp’). But by definition of the total differentials we find
d(b(’,8")) = b(d’, B")+ (—1)'b(a’, dB’) from which the desired equality follows. [

Lemma 2.5.11. Let H < G be a subgroup and assume further that H is normal or

finite index when necessary. Then the formulas

Res(a U B) = Res(a) U Res(3)
Inf(a U ) = Inf(a) U Inf(53)
Cor(a URes(f)) = Cor(a) U B

hold for all cohomology classes a, 5.

Proof. All of these hold in degree 0. Now one can use 2.5.9 and dimension shifting
to deduce them in any degree. For example we will do this for Cor(a U Res(8)) =
Cor(a) U 8. So let H < G be a finite index subgroup @ € H'(H, A) and 8 €
HI(G, B), where A and B are Z[G] modules and suppose the formula has been
proven for i’ + j' < i+ j.

If i > 0, consider the short exact sequence 0 — A — Ind{(4) — A — 0
where a € A maps to the function ¢ — ga in Ind¥(A). We can write this as
0—A—ZG®zA— A —0andso0 - A®B — Z|G|®z(A®B) - AA®@B — 0
remains exact. The Z[H]-module Z[G] ®7 A = Ind{ A has trivial cohomology since
as an Z[H] module Ind$ = @ Ind decomposes into a direct sum over cosets and
then we can apply Shapiro’s lemma 2.4.5. Hence there is o/ such that o = o/ and

since both Cor and Res are functorial, 2.5.9 implies
Cor(a) U B = §(Cor(a’) U ) = 6(Cor(a’ URes(B))) = Cor(a U Res(B)).

If j > 0, consider the analogous exact sequence 0 - B — BQZ[G] — B’ — 0 which
stays exact after tensoring with A and conclude similarly with 8 = §3’. The other

formulas can be proven by the same method. Alternatively see [9, Prop 3.4.10]. O

Lemma 2.5.12. Let G be a finite cyclic group, A a Z|G]-module and x : G — Q/Z
an injective homomorphism, then HY(G,A) — HY™(G,A) : a — a U dx is an
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isomorphism for ¢ > 1, where ¢ is the coboundary map in the long exact sequence
coming from the short exact sequence of trivial G-modules 0 — Z — Q — Q/Z — 0.
Similarly A /N(A) — H?(G, A) : a — a U is an isomorphism.

Proof. See [9, Prop 3.4.11]. O

2.6 Profinite Group Cohomology

Often it will be convenient to consider infinite Galois extensions. This does not
really cause us much trouble, since the Galois group of any algebraic extension is
profinite and we will show that most results about finite group cohomology extend to
profinite group cohomology by ”passing to the limit”. References for the cohomology

of profinite groups are [19, Chapter 1] and [21].

Definition 2.6.1 (Profinite group). A profinite group is a group G which is iso-
morphic to the projective limit of an inverse system of discrete finite groups G;. We

always equip profinite groups with the limit topology.

More explicitly given an index set [ and a set J C I x I such that for each
a € I we have a finite group G, with the discrete topology and for each (a, 3) € J
a homomorphism f,3 : Gg — G such that f,50 fz, = fay, we define

hinGa = {(ga) € HGa : faﬂ(gﬂ> = ga}

ael

which is a closed subspace of the product [[,.; Go since the f,p are continuous.

acl
Any group of this form will be called profinite. In particular a profinite group is
compact by Tychonoff’s theorem [3, I. §9 Thm 3|. For an introduction to limits in

categories, see [24, Chapter 1.4].
Example 2.6.2. The additive group of p-adic integers Z, is profinite.

Proof. Indeed its closed subgroups are of the form p"Z, and it is straightforward to
check that the map Z, — lim. Z,/p"Z, = lim. Z/p"Z is an isomorphism, where
the limit is with respect to the canonical maps Z/p"™Z — Z/p"Z. Moreover this
gives Z, its standard topology. O

Given any group GG we can construct a profinite group G, called the profinite
completion of G by setting G := lim, G /N, where N < G runs through the normal
finite index subgroups of G. For example Z is the inverse limit of all cyclic groups
and by the chinese remainder theorem 7 = Hp Zy,. The next lemma provides us

with the most relevant examples of profinite groups for this thesis.

Lemma 2.6.3. Let K C L be a Galois extension (of any degree), then the Galois
group G = Gal(L/K) is profinite.
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Proof. Let K C F be a finite Galois extension contained in L. Then we have a
canonical surjective map G — Gal(F'/K') with kernel Gal(L/F'). Moreover whenever
F C F’ are two such extensions we have a surjective map resgp : Gal(F'/K) —
Gal(F/K). Now consider the induced map

¢: G — limGal(F/K),
<

where the limit ranges over all intermediate fields K C F' C L, such that K C F is

a finite Galois extension. By definition
lim Gal(F/K) = {(ap) € HGal(F/K) : forall F C F':resp plap) = aF} :
H
F

We wish to show that ¢ is an isomorphism. Let 0 € G and suppose ¢(c) = e. Let
x € Land K C F C L a finite Galois extension containing x. By assumption o is
the identity on F' and so o(x) = x. As x was arbitrary we conclude o = id. Hence
¢ is injective.

To see that ¢ is surjective let (77) be an element of lim, Gal(F/K) and define
an automorphism 7 of L by setting 7(z) = 7p(z), where F'/K is some finite Galois
extension containing x. This is well defined since any two finite Galois extensions
F, F'/ K are contained in the finite Galois extension F'F’'/K and by the compatibility
conditions in the definition of projective limit we find that 7p(z) = 7pp (x) = 7R (x).
Now if z,y € L we take a finite Galois extension F/K containing both = and y
to show 7(z +y) = 7(z) + 7(y) and 7(xy) = 7(x)7(y) so that 7 is indeed an

automorphism. ]

Example 2.6.4. Using the classification of finite fields one finds the isomorphism
7 — Gal(F,/F,) which maps 1 to the Frobenius automorphism x — x4,

Lemma 2.6.5. Let G be a profinite group, then every open neighbourhood of the

identity contains an open subgroup.

Proof. Let G = {(¢a) € [1oe; Ga : fap(9s) = ga} for some finite groups G, and
homomorphisms f.5 : Gg — G, such that f.sfsy = fay. If U C G is an open
neighbourhood of the identity, then since the topology on G is induced by the
product topology, U contains an open set of the form V = 7, (e) N -+ N, (e),

where 7; : G — G, are the projections to some «;. V is an open subgroup contained
in U. ]

Proposition 2.6.6. A Hausdorff topological group is profinite if and only if it is

compact and every open neighbourhood of the identity contains an open subgroup.

Proof. We have seen that any profinite group has these properties, so let G’ be a

compact Hausdorff topological group such that every open neighbourhood of the
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identity contains an open subgroup. Consider the canonical continuous map ¢ :
G — lim, G/U, where U ranges over the open normal subgroups of G with respect
to the canonical maps G/U — G/V whenever U C V. Note that the G/U are finite
since (G is compact, so if we show that ¢ is an isomorphism of topological groups,
then we will have shown that G is profinite.

Suppose x € ker(¢) such that x # e. Since G is Hausdorff and every open neigh-
bourhood of the identity contains an open subgroup we can find an open subgroup
V < G such that z ¢ V. Then U = ﬂgeG gV ¢! is a normal subgroup such that
x & U. gVg~! only depends on the class of g modulo V and so U is a finite inter-
section of open sets and hence open. Thus z is not in the kernel of the restriction
G — G/U. Absurd.

The image of ¢ is dense because if W C lim, G/U is open and non-empty, then
W contains a non-empty set of the form W’ = 7' (a1)N- - N7y (a,) where my, is the
projection map to G/U; and a; € G/U;. Let b € W’ and = € G a representative of b
modulo Uy N---NU,, then 7y, (¢(x)) = a; for all i and so ¢(x) € W'. Moreover, G is
compact and lim, G/U is Hausdorff since it is a subspace of a product of Hausdorff
spaces, so ¢ is a closed map. Hence ¢(G) is closed and dense and so ¢ is surjective.

Consequently ¢ is an isomorphism of topological groups. O
Corollary 2.6.7. A closed subgroup of a profinite group is profinite.

Definition 2.6.8. Let G be a profinite group and A a Z[G]-module, then we define
A = Uv<c AU where the union is over all open subgroups of G. A is called a
discrete G-module if A° = A.

A Z[G]-module A is discrete if and only if G x A — A : (g,a) — ga is continuous,
where A has the discrete topology.

Lemma 2.6.9. The assignment A — A° is a functor from the category of Z|G]-
modules to the category of discrete G-modules. It is adjoint to the forgetful functor.

Proof. Note that for any G-module A, A? is a submodule since the stabiliser of x4y
contains Stab(x) N Stab(y). Let f : A — B be a morphism of Z[G]-modules. Let
f be the restriction of f to A%. If b = f(a), wih a € A%, then there is an open
subgroup H < G such that H fixes a. Since f is a homomorphism H fixes b, too.
Consequently the image of f is contained in B°.

For the second statement we have to show that for all Z[G]-modules B and
discrete G-modules A, there is a natural isomorphism Hom(A, B) = Hom(A, B%).
But by the same argument as before, the image of any homomorphism A — B lies

in B?, since A is discrete. [
Corollary 2.6.10. The category of discrete G-modules has enough injectives.

Proof. The category of Z|G]-modules has enough injectives. Let A be a discrete G-

module, then there is an injective Z[G]-module I and a monomorphism ¢ : A — I.
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Since A is discrete the image of ¢ is contained in I°. It remains to show that I° is
injective. This is true because for all discrete G-modules A, we have Hom(A, I°) =
Hom(A, I), hence the functor A — Hom(A,I) is exact. O

As a result we may construct the cohomology of a discrete G-module A using an

injective resolution I°® of A and taking the cohomology of the complex
A% — (I9Y = (1YY — ...

i.e. we define HY(G, A) as the gth right derived functor of A + A% in the category of
discrete GG-modules. To actually compute these cohomology groups it is very useful
to introduce the complex of continuous cochains. Let A be a discrete G-module,
then we let C%(G, A) denote the abelian group of continuous functions G — A.
The groups C?(G, A) form a complex with differentials

)91, 94) = 911 (92, 9q)

Y (=1 (g1 gigiens -2 90) + (1) f (g1, -, ggm)-

i=1

We have d? = 0 since even on non continuous cochains d? = 0 by the same reasoning
as in 2.1.5. Denote by H*(G, A) the kth cohomology of the complex C*(G, A).

Lemma 2.6.11. Given a short exact sequence 0 — A = B 5 C — 0 of discrete G-
modules, the induced sequence 0 — C*(G, A) — C*(G, B) — C*(G,C) — 0 is exact.

Moreover, these exact sequences form a short exact sequence of chain complezes.

Proof. C*(G, A) — C*(G, B) is injective since ¢ is injective. If f € C*(G, B) maps
to 0 in C*(G,C), then the image of f is contained in +(A) which is homeomorphic
to A since A and B have the discrete topology. Hence f = ¢ o f’ for some [’ €
CH(G, A). It f € CH(G,C) fix a set B’ C B such that 7|p is bijective, then 7|p is
a homeomorphism because B and C have the discrete topology and [’ = 7T|]§,1 of €
C*(G, B) satisfies mo f' = f.

That these maps are maps of chain complexes, i.e. commute with the differen-
tials can be checked without difficulty by applying © and ¢ to the definition of the
differentials. m

Similarly to the abstract case we define induced modules for discrete modules.

Definition 2.6.12. Let G be a profinite group, H < G a closed subgroup and A

a discrete H-module. Then we define Ind%(A) as the set of continuous functions
f: G = A such that f(hg) = hf(g). We view Ind%(A) as a Z[G]-module by letting
G act by right translation.
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Lemma 2.6.13. If A is discrete, then Ind$ (A) is discrete.

Proof. Let f € Ind%(A), then f is locally constant since A is discrete. By compact-
ness of GG, f takes finitely many values on disjoint closed and open sets Uy, ..., U,.
By 2.6.5, a basis of open sets is given by all left cosets of open subgroups of G.
Since G is compact, each U; is compact and hence a finite union of cosets of open
subgroups of G. By intersecting these groups we find that U; is a union of some
cosets of a single open subgroup V; C G. In particular U;V; C U; and so V = (|, Vi
is an open subgroup of G such that U;V C U; for all 4, i.e. f is fixed by V. O

Lemma 2.6.14. Let H < G be a closed subgroup of a profinite group G, A a discrete
G-module and B a discrete H-module, then Homp (A, B) = Homg(A, Ind%(B)).

Proof. Like in the abstract case, the isomorphism is induced by the map Ind%(B) —
B : f+— f(1). But since A is discrete it is straightforward to check that if an open

U < G fixes a, then then ¥(a)(gU) = ¥ (gUa)(1) = 1(ga)(1) = (a)(g) for any
Y A — Ind$(B) and so v(a) is constant on cosets of U and in particular con-

tinuous. So Homg(A, Homy (Z[G], B)) = Homg(A, Ind%(B)) and the claim follows

from standard tensor-hom adjunction. O]

Proposition 2.6.15. Let G be a profinite group and A a discrete G-module, then
HY(G, A) = lim HY(G/U, AY),
_)
where U ranges over the open normal subgroups of G.

Proof. Consider the canonical map v : lim_, HY(G/U,AY) — H9(G, A) induced
by the maps HY(G/U, AV) — H4Y(G,A) : [f] — [f o7], where 7 : G — G/U
is the quotient map. By an argument similar to the proof of 2.6.13 every cocycle
f € CUG, A) factors through G /U for some open subgroup U and so 1 is surjective.

It remains to show that ¢ is injective. Suppose that f;; € ker ¢, then there exists
fi € CTYG, A) such that fy = dff;. By shrinking U we can assume that f}, €
CTY(G/U, AY) so that fy represents 0 in H(G/U, A¥). Consequently ker = 0,
as desired. O

Proposition 2.6.16. For all discrete G-modules M we have isomorphisms ¢y (M) :
H*(G, M) — H*(G,M) for all k > 0 such that for all short exact sequences 0 —
A — B — C — 0 of discrete G-modules, the diagram

H*G,A) —— H*(G,B) —— H*G,C) —— H*(G, A)

l@ﬁk l(bk (B) l@c (©) l¢k+l

G, A) —— H¥(G, B) —— H*(G,C) —— H*1(G, A)
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commutes. Here the bottom row is the long exact sequence associated to the right
derived functor which can be obtained by choosing suitable injective resolutions using
the horseshoe lemma. The top row s the long exact sequence associated to the short

exact sequence of chain complexes from 2.6.11.

Proof. We will show that the functors H'(G,—) and H'(G,—) are effaceable for
i > 0 and conclude that they are universal d-functors and hence isomorphic (see
[10, Proposition 2.2.1]). However, we will not use this terminology here and write
out everything.

We have H(G, A) = H°(G, A) = A% and so we may set ¢(A) = id. Suppose
the ¢, are defined for some k > 0, then we will define ¢p,1. Let A be a discrete
G-module and let B = I(A) = Ind¥(A). We show that H*(G,B) = 0 for i > 1. By
2.6.15 it suffices to show H'(G /U, BY) = 0 for all normal open subgroups U < G.
But BY = Indf/ Y(A) and so this follows directly from 2.4.5.

A embeds into Bviat: A — B:aw (g ga). Clearly quotients of discrete
G-modules are again discrete G-modules and so we have a short exact sequence
of discrete G-modules 0 — A % B — B/u(A) — 0 which induces the following

commutative diagram

H*(G,B) —— H*(G,B/1(A)) —— H*'(G,A) ——— 0
l“”“(B) l¢k<B/L<A>>
H*(G, B) —— H*(G, B/u(A)) —— HF' (G, A) —— H*(G, B)

with exact rows. Hence this diagram already defines ¢;.1(A) as the injective map
induced by ¢x(B/t(A)). Moreover, if 0 - A* - A — A” — 0 is a short exact
sequence of discrete G-modules, then we also obtain a short exact sequence 0 —
I(A) — I(A) — I(A”) — 0 by 2.6.11 since I(A) = C'(G, A). This induces the

commutative diagram

with exact columns and rows by the 9-lemma which gives rise to a commutative
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diagram of chain complexes C*(G,—). Since the connecting homomorphisms are
functorial, this shows that the ¢y ; commute with the connecting homomorphisms
as required.

It remains to show that ¢, is surjective. For thislet 0 - A —- 1 — A" — 0

be a short exact sequence of discrete G-modules, where [ is injective. Then the

diagram
H*G, A" —— H*'Y(G,A) —— H*Y(G, )
lﬂﬁk (4" l¢k+1 (A4) l
HYG, Ay —— HM(G,A) ——— 0
shows that ¢y41(A) is surjective, as required. ]

Now that we can compute profinite group cohomology using continuous cochains

many things follow.

Corollary 2.6.17. There are natural inflation, restriction and corestriction maps
just as in the abstract case and 2.4.14 and 2.4.11 continue to hold.

Corollary 2.6.18. If G = lim, G; and A = lim_, A;, then there is a natural iso-
morphism H1(G,A) — lim_, H(G;, A;).

Proof. This is true on the level of continuous cochains and similar to 2.6.15. [

Corollary 2.6.19. Using this limit we can define the cup product for profinite co-
homology via the cup products on H' (G /U, AV) x HI(G /U, BY) where U < G is an

open normal subgroup.

2.7 Galois Cohomology

Let L/K be a Galois extension, then G = Gal(L/K) is a profinite group. If A is a
discrete G-module, we write H'(L/K, A) for H'(G, A). If L is a separable closure
of K, then we write H' (K, A) for H'(L/K, A). To see that this is well-defined, let
L1, Ly be two separable closures of K. Let o : L1 — Lo be a K-isomorphism, then
P : Gal(L,/K) — Gal(Ly/K) : 0 +— aocoa™! is an isomorphism of profinite groups
and we can see a discrete Gal(Lo/K)-module as a discrete Gal(L;/K) module via
this isomorphism. If A is a discrete Gal(Ly/K)-module then we would hope that
HY(L;/K,A) and H(Ly/K, A) are related in a simple way and indeed we have

Lemma 2.7.1. The functorial pair (®,1d) induces an isomorphism H'(Li/k, A) —
Hi(Ly/k, A) which is independent of c.

Proof. Tt is clear that (®7!,id) induces an inverse of (®,id), so we get an isomor-
phism H¥(L,/k,A) — H'(Ly/k,A). Now suppose o : L; — Lo is another k-
isomorphism. Then o = 7o a for some 7 € Gal(Ly/ K, A) and so to show indepen-

dence of « it suffices to show that conjugation by an element 7 € Gal(Ly/K) =: G
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induces the identity map on cohomology. This is obvious in H°(G, A) = A“ and

the general case follows from a straightforward dimension shifting argument. O]

Moreover, if L C L', then Gal(L'/L) C Gal(L'/K) is a closed subgroup and
Gal(L/K) = Gal(L'/K)/ Gal(L'/L) so we have natural maps Resk : H/(L'/K, A) —
Hi{(L'/L,A) and Inft" : H{(L/K,A) — H{(L'/K, A).

Now fix a field k£ and a separable closure k*, then we set Gy, := Gal(k®/k). The
first examples of Galois modules are the additive and multiplicative groups of k°.
Note that they are discrete Gp-modules since any element of £° is contained in a
finite Galois extension of k. Using 2.6.15 we find that H*(k, (k*)*) = 0 by Hilbert’s
Theorem 90 and H9(k, k*) = 0 for ¢ > 1 by 2.4.6.

Proposition 2.7.2 (Kummer Theory). Let k be a field, where ¢ is invertible in k,
then H(k, pg) = k> /()"

Proof. Since (¢ is invertible in k, every element of k° is an ¢th power and from
H(k,(k*)*) = 0 and the short exact sequence 1 — py — (k*)* EN (k%) = 1 we
obtain the exact sequence k* L s H Yk, ue) — 0, hence the desired isomor-
phism. O

Corollary 2.7.3. Let k be a field containing the (th roots of unity e, where £ is
invertible in k and L/k a cyclic Galois extension of degree {, then there exists a

generator o € L such that of € k.

Proof. Let x : G, — e be surjective with kernel G, then x € H'(k, uu¢) since Gy
acts trivially on py. By the definition of the coboundary map there exists a € k*
such that y(o) = o(a)/a for any a € k® such that of = a. As kery = G we
conclude o € L, moreover « is not fixed by any non-trivial element of Gal(L/k)

since Y is surjective, so a must be a generator. O

Proposition 2.7.4 (Artin-Schreier Theory). Let k be a field of characteristic p,
then H'(k,Fp) = k/p(k), where p(x) = aF — .

Proof. Since zP — x — a is separable for all a € k® we have a short exact sequence
0—TF, = k% k* — 0 and hence an exact sequence k > k — H'(k,F,) — 0 since
H'(k, k%) = 0. O

Corollary 2.7.5. Let k be a field of characteristic p and L/k a Galois extension of

degree p, then there is a generator a € L such that o — a € k.
Proof. Similar to 2.7.3. O

Next, let’s we see how these ideas can be applied to recover a classical result on

elliptic curves.
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Theorem 2.7.6 (Weak Mordell-Weil). Let E : y* = 23+ Az + B be an elliptic curve
defined over a number field K, then E(K)/2E(K) is finite.

Proof. The standard reference for this proof is of course [22].
Without loss of generality we may assume A, B € Og. We will also, for the
moment, assume that all 2-torsion points of £ are defined over K. Note that mul-

tiplication times 2 is surjective on E(Q). Hence we have an exact sequence
0— E@)2 — E@) 2 E@Q) —o.
Passing to cohomology we obtain the exact sequence
E(K) = E(K) - H'(K, EQ)[2)) » H'(K, E(@)) (1)
and hence an injective map
E(K)/2E(K) = H'(K, E@Q)[2).

It remains to show that the image of § is finite. Note that we assumed F(K)[2] =
E(Q)[2]. Let x : Gk — E(K)[2] = E(Q)[2] be in the image of §. Since Gy
acts trivially on E(K)[2], x is a continuous homomorphism. As the sequence is
exact, x : Gxg — E(K)[2] is in the image of § if and only if it is a coboundary
in H'(K, E(Q)) i.e. if and only if there is P € E(Q) such that 2P € E(K) and
x(o) =0o(P)— P.

Let L/K be the field extension generated by the coordinates of all the points
P € E(Q) such that 2P € K. Then MNycims ker x = Gal(Q/L) and in particular
Gal(Q/L) is a closed normal subgroup, so L/K is Galois. We will show that L/K is
a finite extension since then the image of § is contained in H'(Gal(L/K), E(K)|[2])
which is a finite group.

For any o € Gal(L/K) we have 02 = id. To see this extend o to 0’ : Q — Q
and note that x((¢”)?) = 2x(c’) = 0 for all y € im 4 so (¢/)? and in particular ¢*
fixes L. This implies that Gal(L/K) = [[,.¢(0s) for some set S, where each o, has
order 2. By Kummer theory L is of the form L = K(y/a, : s € S) for some a, € K
and o, acts as \/a, — —/a,.

Suppose p C O is a prime where E has good reduction and p { 2. Then the
reduction E(K)[2] — E(Ok/p) is injective by [22, VII.3.1]. Let K C L' C L be a
finite Galois subextension, p a prime of L’ lying over p and o in the inertia group at
p, then o(P)—P = 0in E(Op /p) for all P with coefficients in L’ since o induces the
identity on Op//p. But as the reduction was injective this shows that o(P)—P = 0in
E(K) and so o = id. This shows that the inertia group at primes of good reduction
is trivial, i.e. L’ is unramified at all such primes. Since L is generated by the L', we

conclude that L is unramified at all such p.
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Going back to our description of L we conclude that the only prime divisors of
the a4 are in the finite set of primes where E has bad reduction. Hence to show that
the extensions L/K is finite we only need to show that {z € K*/(K*)?: qlz =

E has bad reduction at ¢} is finite which follows directly from the S-unit version of
the Dirichlet unit theorem [17, Theorem 5.11].

Earlier we assumed that the 2 torsion of E is contained in F(K). We now show
that this assumption is harmless. Let K C L be a finite Galois extension such that
E(L) contains the 2 torsion, then E(L)/2E(L) is finite and we have the commutative

diagram

Since H'(L/K, E(L)[2]) is finite this shows that F(K)/2F(K) is finite. O

2.8 Cohomological Dimension

A major difference between the cohomology of finite groups and the cohomology of
profinite groups is that many interesting profinite groups have finite 'cohomological
dimension’. That is for large indices i, H (G, A) = 0 for all discrete G-modules A.
Note that already cyclic groups do not have this property. The main reference for

this topic is [21]. Throughout let G be a profinite group.

Definition 2.8.1. The p-cohomological dimension of G, denoted cd,(G), is the least
n such that for all p-primary discrete G-modules A we have H*(G, A) = 0 for all

k > n. If no such n exists, it is defined to be <.

Definition 2.8.2. We set cd(G) = supcd,(G) and if k is a field, then we set
cd(k) = cd(Gy) and cd,(k) = cdp(Gy), where Gy = Gal(k®/k).

Lemma 2.8.3. If H < G is a closed subgroup, then cd,(H) < cd,(G).

Proof. We have H"(G,Ind%(A)) = H"(H, A) for all discrete H-modules A and if A
is p-primary, then so is Ind%(A). []

Lemma 2.8.4. Let H < G be a pro-p Sylow subgroup, then cd,(G) = cd,(H).

Proof. For every open normal subgroup U < G, H/(UNH) is a p Sylow subgroup of
G/U and so by 2.4.11, Res : H"(G/U, AY) — H"(H/(UNH), AY) is injective for all
n. Hence H*(G, A) — H"(H, A) is injective by 2.6.15. This shows c¢d,(G) < cd,(H)
and the other inequality is satisfied by 2.8.3. O
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Lemma 2.8.5. For a pro-p group G, the following are equivalent
(i) cdy(G) < n

(ii) H"T(G, A) = 0 for all discrete p-primary G-modules A.

(iii) H"™ (G, A) = 0 for all finite discrete p-primary G-modules A.

(i) H" (G, A) =0 for all finite simple p-primary discrete G-modules A.
(v) H"Y G, Z/pZ) =0

Proof. Clearly (i) = (v). Now assume (v) and let A be a finite simple p-primary
discrete G-module A and let U C [),c4 Stab(a) be an open normal subgroup of
G. Then A is a Z|G/U]-module. Since A is simple, either pA = A or pA = 0. If
pA = A, then A would be divisible and so either 0 or infinite. Consequently A is an
irreducible representation of the p-group G/U over F,, i.e. an irreducible modular
representation. The only such representation is the trivial one [26, Proposition
6.2.1], so A =Z/pZ.

Suppose (iv), and let A be a finite discrete p-primary G-module A. Let A =
A=A D Ay D Ay D --- D A,, = 0 be a composition series of A. Then
H™" (G, A;JA;;1) = 0 for all ¢ by assumption. From the long exact sequence in
cohomology we find that H"™ (G, A;11) — H" (G, A;) is surjective for all i and so
H™" (G, A) = 0.

If (4i7) holds, let A be a discrete p-primary G-module. Then H"™(G, A") = 0
for all finite submodules A" C A. Since A is torsion we find A = lim_, Ay, where A;
runs through the finite submodules of A. Now 2.6.18 implies H"™(G, A) = 0.

Assume (i4) and let & > 1 such that H"™*(G, A) = 0 for all discrete p-primary
G-modules A. Then we can embed A C C = Ind¥(A) which is p-primary as
well. By Shapiro’s lemma H9(G,C) = 0 for all ¢ > 1. Hence the coboundary
§: H"W*(G,C/A) — H" ™ 1(G, A) is an isomorphism and H"™* (G, A) = 0. By

induction we conclude (7). O

Definition 2.8.6. A free pro-p group on a set S is a free object in the category of pro-
p groups, i.e. a group F(S) with S C F(S) such that for every function f: S — G
for some pro-p group G there exists a unique homomorphism f: F(S) — G such
that f(s) = f(s) for s € S. The cardinality of S is the rank of the free pro-p group
F(S).

If a free pro-p group on S exists it is automatically unique up to unique isomor-
phism since it was defined by a universal property. We can show existence of a free

pro-p group by taking the ordinary free group K on the set S and setting
F(S) =1lmK/U,
%
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where U runs through the finite index normal subgroups of K such that K/U is a
p-group.

Lemma 2.8.7. Let G be a free pro-p group of rank > 1, then cd,(G) = cd(G) =1

Proof. Since G is a pro-p group we have c¢d(G) = cd,(G) by 2.8.4. Since the
rank is > 1 there exists a non-trivial continuous homomorphism G — Z/pZ, i.e.
HY(G,Z/pZ) # 0 and cd,(G) > 1.

For cd,(G) < 1 we show that H*(G,Z/pZ) = 0. It turns out that in abstract
cohomology there is a bijection between H?*(G, A) and classes of group extensions
11—+ A— FE — G — 1 such that the G-action on A induced by conjugation in F
agrees with the action on A as a Z[G]-module [20, VII. §3]. Here two extensions are

equivalent if there exists a commutative diagram

1 s A » B s G s 1
|
1 s A s I/ s G s 1

The correspondence comes from the following construction. Given the extension
1+ A— FE — G — 1 we choose a for each g € G a representative s(g) € E,
ie. s: G — FE is a set-theoretic section. Then s(g)s(¢')A = s(gg’)A and so there
exists a function f : G* — A such that s(g)s(¢’) = f(g,9")s(gg’) and conversely
given f one can construct a multiplication on E in this way. The associativity of
multiplication in E then shows that f satisfies the cocycle condition and so defines
an element in H?(G, A). We don’t need the whole correspondence but the proof idea
is based on this concept. When G is a free group, then any surjective map £ — G
admits a section G — E which will then show that the corresponding cocycle is a
coboundary.

So let f € C?*(G,Z/pZ) be a continuous cocycle and let F = Z/pZ x G as a
topological space, where Z/pZ has the discrete topology and G the profinite topol-
ogy. We define a group structure on E using f. If (a,g),(d',¢) € E, then we set

(a,9)(d',¢) = (a+gd + f(g9,9"),99"). Since [ satisfies
9f(d,9") + f9,9'9") = flag'. ")+ f(9.9)

this operation is associative. Setting ¢’ = ¢’ = 1 we find ¢gf(1,1) = f(g, 1) for all
g € G and so (a,9)(—f(1,1),1) = (a,g) for all (a,g) € E and (—f(1,1),1) is a
right identity element. Finally, one can verify that a right inverse of (a, g) is given
by (=g~ 'f(1,1) —gta—g 1 f(g9,97'),¢g7") and consequently F is a group. Since
f is continuous F even has the structure of a compact topological group and the
projection £ — G is a surjective continuous group homomorphism. Using 2.6.6 we
verify that F is a profinite group. Let V' C E be an open neighbourhood of the
identity, then V' contains a set of the form {—f(1,1)} x U, where U C G is an
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open neighbourhood of the identity. G is profinite and so there is an open subgroup
H < G such that {—f(1,1)} x H C E. However, this might not be a subgroup of
E. But if we can construct an open subgroup M < G such that {—f(1,1)} x M is
a subgroup of F, then we can intersect M with H to find the desired subgroup of
E. To find M, consider the open set S = {(9,¢") : f(g,9') = gf(1,1) A f(1,1) =
g 'f(g9,971)} € G x G. Since G is profinite and (1,1) € S, there exists an open
subgroup M < G such that M x M C S. Now if g,¢’ € M, then

(=f(L1),9)(=f(1,1),¢") = (=f(1,1) —gf (1, 1) + f(g.9), 99") = (= f(1,1),99")

and

(_f(la 1)79)_1 = (_g_lf(lv 1) + g_lf(la 1) - g_lf(gug_1>’g_1> = (_f(17 1)79_1)7

thus {—f(1,1)} x M C FE is a subgroup. Hence E is profinite and in particular a
pro-p group. Now since G is free, there exists a continuous section ¢ : G — F which

is also a homomorphism. If we write o(g) = (—h(g), g), then this implies

(—=h(99"),99') = (=h(9),9)(=n(d),9") = (=h(g) + —gh(g) + f(9,9), 99)

and so f(g,9) = gh(g’) — h(gg’) + h(g) is a coboundary as desired. O

A

Corollary 2.8.8. cd(Z) = 1.

Proof. Since 7, = Hp Z,, the pro-p sylow subgroup of 7 is Z,. This is a free pro-p
group of rank 1: Let G = lim GG; be a pro-p group and x € G, then for each i we
have a map Z, — G; such that 1 — z since the G; are p-groups and so the order
of x is a power of p in G;. These maps are easily seen to be compatible and hence
there is a continuous map Z, — G such that 1 — 2. This map is unique since Z is

~

dense in Z,. We conclude that cd(Z) =1 by 2.8.4 and 2.8.7. O
Corollary 2.8.9. For any perfect field k such that Gy = 7 we have HQ(k‘,EX) = 0.

Proof. Since cd(k) = 1 we immediately find that H?(k, ) = H?(k, p1e) = 0, where
e is the group of ¢th roots of unity contained in k®. But from the long exact
sequence associated to 1 — py — 5 % > 1 we conclude that multiplication
by ¢ is an isomorphism on H2(k, k). But since H2(k, k") = lim_, H2(L/k, L*) is a

torsion module we must have H2(k, k") = 0. O

The point of this corollary is that H 2(l{:,%x) has another interpretation which
classifies division algebras over k whose center is k as we see later. Now this means
that over any field such that cd(k) = 1 there are no non-trivial such division algebras.
For example finite fields have absolute Galois group Z and so we can directly show

that every finite division algebra is commutative. This can of course also be proven
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elementarily. But there are also stranger fields with absolute Galois group Z. For
example let £ be algebraically closed of characteristic 0, then one can show that
all finite extensions of k((t)) are ramified and using ramification theory one can
show that these are all cyclic. Hence the algebraic closure of k((t)) is the union
U,.>; k((t*™)) [20, IV. Prop 8]. From this it follows that the absolute Galois group
of /;((t)) is Z and so there are no division algebras over k((t)) with center k((t)).
Indeed every division algebra D over k((t)) is commutative since its center is a finite
extension L/k((t)) whose Galois group is a closed subgroup of Z. Hence cd(L) < 1
by 2.8.3 and D = L.

The ideas in lemma 2.8.7 can in fact be taken quite a bit further to show that
there is an equivalence between cd(G) < 1 and G being a free pro-p group. More

precisely, this can be used to show

Theorem 2.8.10. Let G be a pro-p group, then n(G) = dimg, H'(G,Z/pZ) is the
minimal number of generators needed to generate G as a pro-p group and r(G) =
dimg, H*(G,Z/pZ) is the minimal number of relations between those generators
needed to describe G.

Proof. See [21, 1. 4.2-4.3]. O

3 Nonabelian Cohomology

One of the strengths of Galois Cohomology is that there are many different interpre-
tations of the group H'(G, A). In this section we will see more such interpretations
which don’t even require A to be abelian. Our exposition is based on [21, 1. §5 |,
[9, Chapter 2] and [7]. When trying to define H%(G, A) for nonabelian groups A
on which G acts by automorphisms, one runs into the difficulty that in general the
coboundaries don’t form a normal subgroup or not even a group! However, we can
still define H°(G, A) as A which agrees with the abelian case and is a group. For
H'(G, A) we define

Definition 3.0.1. Let A be a group on which G acts by automorphisms. Then we
define the pointed set (not group!)

HYG,A) ={f:G— A: f(gh) = f(9)g(f(h)}/ ~,

where f ~ f' if and only if there is a € A such that f(g) = a~*f'(g)g(a) for all
g € G. The distinguished element is the class of elements of the form a~'g(a),
a € A

If A is abelian this reduces to our old definition using inhomogeneous cochains.

We will not attempt to define higher nonabelian cohomology groups. In the previous
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definition one has to check that f,(g) = a~'g(a) satisfies the cocycle condition and
that f, and f, are equivalent for all a,b € A. This follows from

fa(gh) = a”'gh(a) = a™'g(a)g(a™ ) gh(a) = fu(9)g(fa(h))

and
falg) = a7 'g(a) = (07 a) 07 g(b)g(b™ a) = (b~ 'a) ™" fu(g)g (b~ a).

With these definitions we still have

Lemma 3.0.2. Let 1 - A — B — C — 1 be a short exact sequence of groups with

compatible G-actions. Then we have an exact sequence in cohomology
1— A% - B¢ - % % HY(G, A) — H G, B) — HY(G, C).

Proof. The interesting part is the map § : C¢ — H(G, A). It is defined as follows.
Denote the maps in the original sequence by 7 : B — C and ¢+ : A — B. Let ¢ € CY,
then there is b € B such that 7(b) = ¢ and f,(g) = b~ 'g(b) is a priori an element
of H(G, B). But in fact we have that 7(f,(g)) = 7(b)"'n(g(b))™! = c71g(c) = 1
since ¢ € C%. By the exactness of the original sequence we have f,(g) € A, i.e.
fo € H (G, A). f, does not depend on the choice of b. Let b,/ € B such that
m(b) = w(V'), then fy(g) = (b70) " fy(g)g(b~'0') and b~'0 € ker(w) = A, hence
fv ~ fp. Thus it makes sense to define dc := f, for any lift b of c.

An element ¢ is in the kernel of § if and only if there exists b € B and a € A
such that 7(b) = ¢ and b~ lg(b) = a~lg(a) for all g € G, ie. ba~! € B®. Since
7(ba~') = c this is true if and only if there is a lift b € B¢ of ¢, i.e. if ¢ € w(B%).

If f € H'Y(G, A) is in the image of §, then by definition it is trivial in H'(G, B).
On the other hand if f € H'(G, A) becomes trivial in H'(G, B) then there exists
b € B such that f(g) = b~'g(b) and hence 1 = 7(f(g)) = ¢ 'g(c) where ¢ = 7(b).
Hence ¢ € C% and f = dc. Exactness at the other points in the sequence is easily
verified. [

Of course if G is profinite and acts continuously on A with the discrete topology,
then we can define H'(G, A) with continuous cocycles or equivalently as the limit
lim_, HY(G/U, AY). Moreover, the previous lemma still holds when G is profinite
and if G = Gal(L/K) is a Galois group we write H'(L/K, A) for H' (G, A).

3.1 Galois Descent

Let us now introduce the main example of nonabelian cohomology. Throughout
we fix a finite Galois extension L/K. The question is whether two objects which
are isomorphic over L are also isomorphic over K, i.e. if we can descend from an

isomorphism over L to an isomorphism over K. This is a very imprecise formulation
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so here an example. Consider the extension C/R, then any two quadratic forms on
a real vector space V' become isomorphic on V ®g C and so the answer is clearly
no since 2 — y? and 2% + 3% are not isomorphic over R. But using cohomology
we can precisely determine when the answer is no and even classify all objects Y
over K which become isomorphic to a fixed object X over L. This is a key idea in
the study of central simple algebras and in particular in proving the cohomological
interpretation of the Brauer group.

To formalise this we need to make a few conventions. Our approach is slightly
more general than the one in [9, Chapter 2| but the ideas are basically the same.
Let %7, be a category whose objects are L-vector spaces with additional structure
and such that every morphism is also a linear map. Moreover, we assume that %7,
is a subcategory of another category %% which consists of K-vector spaces with
additional structure and there is a ’base-change’ functor F' : €x — %1. We make

the following assumptions:

(A) A morphism in %7, is an isomorphism if and only if it is bijective on the under-

lying vector space.

(B) For every object A in %, and finite group of automorphisms H, there exists a
fixed object A" i.e. an object B with a morphism ¢ : B — A such that for all
morphisms f : C' — A such that ho f = f for all h € H there exists a unique
f:C — Bsuchthat to f = f.

(C) On the level of vector spaces, F(V) =V ® L.

(D) For every object Y of €k there exists an action of G = Gal(L/K) on F(Y)
such that F(Y)% @Y in 6k.

(E) For any objects A in €k and B in %}, and €x-morphism f : A — B there exists
a unique %z-morphism f : F(A) — B which extends f.

Now we can formulate Galois Descent in the category €.

Theorem 3.1.1 (Galois Descent). Fiz an object X € €k, then the set ' of isomor-
phism classes of objects Y € €k such that F(Y) = F(X) is in bijective correspon-
dence with H'(L/K, Aut(F(X))), where G acts on Aut(F (X)) by conjugation and
the class of X maps to the trivial class in H'(G, Aut(F(X))).

Example 3.1.2. Let 67, be the category of L-vector spaces sitting inside the category
Cx of K-vector spaces. Let F(V) =V @k L, where G acts on the right factor, then
the conditions (A) — (E) are satisfied. If V = K9, then Aut(F(V)) = GL4(L) and
any vector space W such that W & L =V ® L has the same dimension as V' and so
HYG,GL4(L)) = 1. For d =1, this gives another proof of Hilbert’s Theorem 90.

I'We assume the category to be sufficiently nice such that this is a set.
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Example 3.1.3. Suppose char K # 2 and let € be the category of K-vector spaces
with a quadratic form and €7, the category of L-vector spaces with a quadratic form.
Then the orthogonal group O4(L) is the group of automorphisms of (L%, 23+ - - +x2)
and so H*(G,04(L)) classifies quadratic forms over K which are isomorphic to

x4 -+ 22 over L.

Example 3.1.4. Let 67 be the category of smooth projective geometrically irre-
ducible curves over L and € the category of smooth projective geometrically irre-
ducible curves over K. By switching to the isomorphic categories of function fields
we can apply Galois Descent and so for example H'(G, PGLy(L)) classifies the

curves which become isomorphic to P* over L.
Before we go into the proof we need some preliminaries.

Definition 3.1.5. Let A be a group. A torsor for A is a nonempty set X such that
A acts freely and transitively on the right on X.

One can think of a torsor as a shadow of the group which forgot the identity
element. In particular A itself is a torsor for A. It turns out to be useful to study

these to get a better understanding of H' and in particular to prove Galois Descent.

Definition 3.1.6. Let G be a group and A a group equipped with an action of G by
automorphisms. Then a G-torsor for A is a torsor X for A such that the actions

are compatible, i.e. for alla € A, g € G,z € X we have

gla-a) = g(z) - g(a).

Two G-torsors X, Y for A are isomorphic if there exists a bijection ¢ : X — Y such
that ¢(g(x)) = g(P(x)) and ¢p(x - a) = ¢(z) - a for all g € G and a € A.

Lemma 3.1.7. Let G be a group and A be a group equipped with an action of G by
automorphisms. Then HY(G, A) is in bijection with the set of isomorphism classes
of G-torsors for A and the base point is sent to A.

A torsor X with base point x is mapped to the class of the cocycle f : G — A,
satisfying g(x) = x - f(g) and a cocycle f is mapped to the torsor with set X = A
and group action g *x = f(g)g(x).

Proof. Let X be a G-torsor for A. By definition X is nonempty so we may pick
x € X. Since A acts freely and transitively, there is a function f, : G — A such
that g(z) =z - f.(g) for all g € G. This is a cocycle since

x - f(gh) = g(h(z)) = g(x - f(h)) = g(x) - g(f(h)) =z - f(g)g(f(R)).

Further the class of f, € H'(G, A) does not depend on the choice of z. To see
this consider z,y € X, then there exists a € A such that y = x - a because A, by
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definition, acts transitively on X. But now for any g € G

y- fy(9) = 9(y) = glz-a) = g(x) - g(a) =z f(g)g(a) = y-a~" fo(g)g(a),

so fr ~ f,. We denote the class of this cocycle by ¢(X).
Conversely if f € H'(G,A), then we can define a G-torsor by taking the set
X = A with the action of A being right multiplication. We define the action of

G by g+xx = f(g9)g(x) for all ¢ € G and x € X. This is a group action since for
g,heGandre X

ghxx = f(gh)gh(x) = f(g)g(f(h)h(z)) = f(g)g(h*z) = g * (h*x)

and f(e) = f(ee) = f(e)f(e) implies that f(e) = e, hence e * x = z. This action is
compatible with the action of A since for g € G,x € X,a € A we have

g*(x-a)=gx*(za) = f(g9)g9(za) = (g * v)g(a).

We denote this torsor by ¢(f). It is clear that ) sends the trivial class, i.e. the class
of the constant cocycle g — e to the torsor A.

It remains to show that ¢ and 1 are inverse to each other. So let f € HY(G, A)
and f' = ¢(¢(f)), then by definition we have f'(g) =ef'(g) = gxe = f(g)e = f(g).
Let X be a G-torsor for A and fix x € X, then we have a bijection a : X — ¢ (¢(X))
given by a(x - a) = a. « is an isomorphism since if y = x-b € X and a € A, then

a(y - a) = a(x)ba = a(y)a. Moreover for all g € G and a € A one has
a(g(z-a)) = alz-af(g)) = af(g) = gla(z - a)). O

Proof of Galois Descent. Suppose Y is an object of €k such that FI(Y) = F(X) in
¢r. Then A = Aut(F(X)) acts transitively and freely on the set of isomorphisms
F(X) — F(Y) by composition on the right. Further we have a compatible G-
action on the set of isomorphisms F(X) — F(Y') by conjugation. More precisely, if
a: F(Y)— F(X) is an isomorphism, ¢ € A and 0 € G, we have c oo oo ! =

1

cgoaoo tooogpoo~!. Hence every object in ¥ that becomes isomorphic to F'(X)

in 67, gives rise to a G-torsor for A.

On the other hand given a G-torsor for A we can take a corresponding cocycle
f € HY(G,A) and attach to it an object Y of %) as follows. Define a new G-
action on F(X) by letting g act by f(g) o g. This is a group action thanks to the
cocycle condition as in the proof of 3.1.7. Now let Y be the fixed object under this
group action whose existence is guaranteed by (B). Moreover if f'(g) = a™! f(g)a? is
another cocycle representing the same class as f(g) € H'(G, A), then a~'f(g)ga =
f'(g)g and so a defines an isomorphism between Y’ and Y, where Y’ is the object

associated to f’. Hence the construction doesn’t depend on the choice of cocycle.
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We wish to show that F(Y) = F(X). We already have a canonical map Y — F(X)
since Y is the fixed object of some group action. By (E) this extends to a unique
L-linear map o : F(Y) — F(X).

The rest of the proof uses the method from [7]. Consider the vector space
U= F(X)/F(Y). It has a G-action induced by the modified G-action on F(X).
Let v € F(X) and denote by 7 its class in the quotient U. Define the trace Tr(v) =
Y gxveY. SoTr maps U to 0. Let v € U, then for a € L* we have

Tr(av) = Zg(a)(g x7) = 0.

geG

But the functions a — g¢(a) are L-linearly independent by Lemma 2.2.1. Hence
g*xv =0 for all g € G and in particular ¥ = 0. Thus « is surjective.

Next we show that it is injective. Let wvq,...,vq be a K-basis of Y, then
a(vy),...,a(vg) is K-linearly independent in F'(X) and by (C) it suffices to show
that it is L-linearly independent as well. Suppose it isn’t, then we may take a min-
imal relation Zle Aia(v;) = 0 and without loss of generality we assume A\; = 1.
Since the v; are G-invariant (under the modified action) we get another relation
S o(A)a(v;) for every o € G But since the v; are K-linearly independent there
exists o such that o(\;) # A; for some j. Subtracting the new relation with such
a o gives a strictly shorter non-trivial relation since 1 — o(1) = 0. Contradiction.
Finally « is bijective and (A) implies F'(X) = F(Y).

It remains to prove that these constructions are inverse to each other. If we start
with an object Y such that there is an isomorphism « : F(X) — F(Y), then the

1o o since this is the unique automorphism such

associated cocycle is f(o) = a~
that a” = a o f(0). Then f(0)oo = a 'oocoa and so a defines an isomorphism
between the fixed points of f(o) o o and the fixed points of o, i.e. between Y’ and
Y, where Y’ is the object associated to f and using (D) we find that the object
associated to f is isomorphic to F(Y)Y =Y.

If we start with a cocycle f, we get an object Y and an isomorphism a~! :

F(Y) — F(X) induced by the inclusion Y — F(X). The cocycle we get back is
g(o) =atoooaoo . Suppose z € F(X) such that z = Ay with A € Landy € Y,
then a(Ay) = A®@y and so (™ oooa)(\y) = o(A)y = a(A) f(o)o(y) = f(o)(o(Ay))-
Since F(X) is spanned by Y over L we find that a ' ocoa = f(c)oco and f =g

as required. O

3.2 Principal Homogeneous Spaces

This section treats a special class of Torsors called principal homogeneous spaces.

Definition 3.2.1. Let A be an algebraic group defined over k. A variety V defined

over k together with a free and transitive (right) action of A on V' by morphisms is
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called a principal homogeneous space for A over k if the map V x V — A sending
(v,w) to the element a € A such that va = w is a k-morphism, which we will denote
by v~w. Two principal homogeneous spaces V,V' for A over k are isomorphic if
there is a k-isomorphism ¢ : V. — V' such that ¢p(v)a = ¢(va) for allv € V and
a € A.

In particular we treat the special case when A is an elliptic curve E over k, i.e.
a smooth projective irreducible curve of genus 1 which has a k-point and which has
defining equations with coefficients in k. Any principal homogeneous space V' for £
is isomorphic to E over k since the map a — av, for some vy € V is an isomorphism

with inverse v+ v, 'v.

Proposition 3.2.2. Let K/k be a finite Galois extension. The set of isomorphism
classes of principal homogeneous spaces for E over k which have a K-point is in
bijective correspondence with H' (K /k, Ex), where the trivial class corresponds to

those spaces which have a k-point.

Proof. If V' is a principal homogeneous space for E which has a K-point vy, then

'y is an isomorphism defined over K. So V has a K-point if

V- FE: v
and only if it becomes isomorphic to F over K. Moreover the automorphisms of £
as an principal homogeneous space are just translation by some point and so the
group of automorphisms defined over K is just Ex. It remains to check that the
conditions for Galois Descent are satisfied. But the category of smooth irreducible
projective curves is isomorphic to the category of the corresponding function fields
and so this is easily verified. The proof in [22, X.2. Theorem 2.2] uses the same idea

but basically reproves Galois Descent for curves. O

Example 3.2.3. Let E be the elliptic curve over Q defined by x + y3 + 6023 = 0
with origin [1,—1,0] and let V be the projective cubic defined by 3z3+4y> +523 = 0,

then V' is a principal homogeneous space for E over Q.

Proof. Let K = Q(e?™/3,31/3 41/3) and consider the K-isomorphism
a:V = E:x,y, 2] — [3Y3z2,4Y3y, 127132,

then E acts on V by (v,a) — a'(a(v) + a). Thus V is already a princi-
pal homogeneous space for F over K. We just have to show that it is also a
principal homogeneous space over Q, i.e. that the map V xV — E : (v,w) —
a(v) — a(w) is defined over Q. Let 0 € Gal(K/Q). Since addition on E is de-
fined over Q we only need that a’(v) — a’(w) = a(v) — a(w) for all v,w € V or
equivalently that a®(a~'(P)) — P is constant for P € E. If P = [x,y,2], then
a?(a™Y(P)) = w1z, way, (wiws)'2], where o(3Y/3) = w;3Y3 and o(4/3) = wy4'/3.

For P = [1,—1,0] we get a”(a !} (P)) — P = [w;, —ws,0], so we need to check that
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a’(a”Y(P)) — P = [wy, —w», 0] for all P € E. Since [—1,1,0] is a point of inflex-
ion suffices to show that P, [w;, —ws,0] and —a”(a !(P)) are collinear and using
that —[z,y, z] = [y, z, z] on E we are left with showing that [z, y, z], [wi, —w2, 0] and

[way, w1z, (wiws)~12] are collinear but this follows from the easily verifiable fact that

x y 2
det | woy w1z (wywo) 'z | =0. O
w1 —Wa 0

Corollary 3.2.4. Keeping the notation from 3.2.3, V' has no rational points.

Proof. By 3.2.2, V has no rational points if and only if V' does not correspond
to the trivial class in H'(K/Q, Ex). Let v = [4'/3,-3Y/3.0] € V, then we need
to show that there is no P € Ek such that a(o(v)) — a(v) = o(P) — P for all
o € Gal(K/Q). We do this by contradiction. Suppose there was such a P € Fk.
Let 0 € Gal(K/Q) and w; = o(3/3)37Y/3 wy = ¢(4'/3)471/3. Then a(o(v)) —a(v) =
[wa, —w1, 0] — [1,—1,0] = [wa, —w1,0]. Recall that if the origin of an elliptic curve
is a point of inflexion then 3 points add to 0 if and only if they are collinear. The
line wy X + woY = 0 intersects F in [wy, —wi, 0] only and so 3[ws, —wy, 0] = 0, hence
o(3P) = 3P for all 0 € Gal(K/Q). Using sage one can check that Ey = 0 and so
3P = 0. Moreover, E is isomorphic to the elliptic curve given by 3% 4 2zy + 20y =
23 — 2% — 202 — 400/3 and its third division polynomial is 3z* — 400z. Note that
if 0 € Gal(K/Q) fixes (3/4)'/3, then [wy, —w;,0] = [1,—1,0] and so o(P) = P.
As a result P € Ep, where F' = Q((3/4)'/%). If P = (z,y), then 3P implies
3z* — 400z = 0 and since 400/3 = 4/3 - 100 is not a cube in F we must have x = 0
and y? + 20y + 400/3 = 0, but then y € R and F' C R which is a contradiction. [J

In general one can similarly show that az® + by + ¢z = 0 is a principal ho-
mogeneous space for the elliptic curve z® + y3 + abcz® = 0 and one can check
whether az® + by® + cz®> = 0 has a rational point by computing with the elliptic
curve 2 4+ 3 + abcz® = 0. By first treating the cases p = 3,4, 5 and then using that
at least one of 3,5,15,45 must be a cube mod another prime p one can show that
323 + 4y® + 52 = 0 has a point in all completions of Q. This method was given
as an exercise in the Elliptic Curves Course taught at Imperial College London by
Toby Gee this year.

Hence the curve 3z3 + 49° + 523 = 0 gives a non-trivial element of the Tate-
Shafarevic group III(E/Q)[3], where E is the elliptic curve 2% + y* + 602% = 0. For
an infinite family of elliptic curves with III(E/Q)[2] # 0, see [22, X.6.5] which says
that for a prime p = 1 (mod 8) such that 2 is not a 4th power mod p, the equations
w? =1+ 4pz*, w? + 2 = 2pz*, w? + 2pz* = 2 have solutions in all completions of Q
but not in Q and I1(E/Q)[2] & (Z/27)?, where E is the elliptic curve y* = 23+ px.

The definition of principal homogeneous space worked for a general algebraic
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group and indeed we still have

Proposition 3.2.5. Let K/k be a finite Galois extension and A an algebraic group
over k. The set of isomorphism classes of principal homogeneous spaces for A over

k which have a K -point is in bijective correspondence with H*(K/k, Af).

However, the proof is more complicated since we cannot just move to the category
of function fields anymore. It relies on Weil’s descent criterion [27, Theorem 3] and

can be found in [14, Proposition 4].

4 Central Simple Algebras

Throughout this section fix a perfect?® field k& and an algebraic closure k. Quite
surprisingly central simple algebras are intimately connected to Galois Cohomology
and Class Field Theory. The book [9] studies this connection in great detail and we

put together some of them in this section.

Definition 4.0.1. A central simple algebra (c.s.a.) over k is a ring with unity A
containing k such that the center of A is k, A is a finite dimensional vector space

over k and A contains no proper two-sided ideals.
Example 4.0.2. Any division algebra is a central simple algebra over its center.

Example 4.0.3. For a,b € k we may define the quaternion algebra Q(a,b); by

adjoining elements 1,7 to k satisfying the relations

i’=a,j>=0b,ij = —ji.

Vb 0

0 a
More explicitly we can take i = and 7 =
preny (1 0) J ( 0 —vb

a subalgebra of My(k(v/b)).

) and see Q(a,b)y as

Lemma 4.0.4. For each n > 1, the matriz algebra M, (k) = Endy(k™) is a central
simple algebra over k and we have M, (k) @y M,,(k) = M, (k).

Proof. The center of M, (k) is k and any if I is a non-zero two-sided ideal, then it
contains some non-zero A € [ with coefficients a;;. Then there exist indices (i, 7)
such that a;; # 0. Let E;; be the matrix whose coefficients are all 0 except for the
(i,7) entry which is 1, then a;;E;; = Ej;AE;; € I and so E;; € I. By multiplying
with permutation matrices we get that E;; € I for all ¢, j and so I = M, (k).

The second statement basically boils down to block matrix multiplication. [

2This assumption is only for simplicity and in [9, Chapter 4] the results are proven in the general
case as well.
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Theorem 4.0.5 (Wedderburn). For any central simple algebra A over k, there exists

a unique division algebra D D k and an integer n such that
A= M, (D).

Proof. Not given, see [9, Chapter 2] for a proof. ]

Corollary 4.0.6. Let A be a central simple algebra over k, then there exists a finite
field extension k C L such that A®, L = M, (L). One says that L splits A. Moreover

the dimension of A over k is a square.

Proof. Note that A®Kk is a central simple algebra over k. By Wedderburn’s theorem
there is a finite dimensional division algebra D D k such that A®k = M,,(D). Every
element z € D defines a finite extension k& C k() and hence # € k and D = k. Let
¢: A®k — M,(k) be an isomorphism. Let ey, ..., e, be a k-basis of A. Note that
this is a k-basis of A ® k = M, (k) and hence m = n?.

Let L D k be the field extension obtained by adjoining all the coefficients of the
matrices ¢(e1®1),. .., ¢(e,, ®1) to k. This is a finite field extension of k and viewing
A® L as a subring of A ® k we have ¢(A ® L) C M,(L). Since ¢ is injective and
dimz(A® L) = m = n? = dimy M, (L) we conclude that ¢ defines an isomorphism
A® L — M,(L). O

Lemma 4.0.7. A k-algebra A is a central simple algebra if and only if there exists
a finite field extension k C L such that L splits A.

Proof. By the previous corollary it remains to show that if & C L is finite field
extension such that L splits A, then A is central simple over k. Suppose I C A is a
two-sided ideal, then I ® L is a two-sided ideal of A ® L and hence either I ® L = 0
or I ® L = A® L. For dimension reasons we have I = 0 or I = A. Now suppose
z € A is in the center of A, then 2 ® 1 central in A ® L. Hence 2 ® 1 = 1 ® y for
some y € L, but this implies z =y € k. O

Corollary 4.0.8. If A, B are central simple algebras over k, then A®y B is central
simple over k and if L splits A and B, then it also splits A ®;, B.

Proof. Let k C L be a finite extension which splits both A and B, then L splits
A ®;, B because

AR By L= AR, My(L) 2 A® L My(k) = M, (L) ® My (k) = My, (L),

for some integers n, m > 1, where we used the isomorphism from 4.0.4. Consequently

A ®y B is a central simple algebra by 4.0.7. O

When we study the Brauer group we will apply Galois Descent to classify which
algebras are split by L. To do so we need to know the automorphisms of M, (L) and
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from those we can also immediately find the automorphisms of any central simple

algebra.

Lemma 4.0.9. Let L be a field, then PGL, (L) — Autgx(M,(L)) : a — (x — aza™!)

s an isomorphism.
Proof. This is done in [9, Corollary 2.4.2]. O

Theorem 4.0.10 (Skolem-Noether). Let A be a central simple algebra over k, then

all k-automorphisms of A are inner.

Proof. This is [9, thm 2.7.2]. By 4.0.7 there is a finite extension k& C L, which we
may assume to be Galois since k is perfect, such that A ® L = M, (L) for some
n > 1. By the lemma all L-automorphisms of A ®, L are inner and we have a short

exact sequence
1> L= (A® L) - Aut (A® L) — 1.

Passing to (nonabelian) cohomology we obtain the exact sequence
X — A — Autg(A) — HY(L/k,L*)

and by Hilbert’s Theorem 90 we conclude that the map A* — Auty(A) is surjective,

i.e. every k-automorphism of A is inner. O]

4.1 The Brauer Group

Now we can construct the Brauer group attached to the field k. It gives a group
structure on equivalence classes of central simple algebras under a certain equivalence
relation. Later we will see that it also appears as a Galois Cohomology group. It
is an important invariant of the field k£ and satisfies a local-global principle which

generalises the classical Hasse principle.

Definition 4.1.1 (Brauer Equivalence). Two central simple algebras A, B over k

are called Brauer equivalent (over k) if there exist integers n,m > 1 such that
Ay M,(k) = B Qg My(k).
Let Br(k) denote the set® of Brauer equivalence classes of all central simple algebras.

Using Lemma 4.0.4 it is straightforward to check that Brauer equivalence is

indeed an equivalence relation on isomorphism classes of central simple algebras.

3This is indeed a set as every central simple algebra over k is in particular a finite dimensional
vector space over k and so isomorphism classes of algebras of dimension n can be identified with
functions m : k™ x k™ — k™, satisfying the k-algebra axioms for multiplication.
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Definition 4.1.2 (Opposite Ring). Let A be a ring, then the opposite ring A°P
consists of the same set and the same addition just multiplication is given by x-,,y =

y - x, where - is the product on A.

Theorem 4.1.3. The set Br(k) with the operation ®y is an abelian group, with
inverse of the class of a central simple algebra A being the class of the opposite
algebra A°P.

Proof. The operation ®;, is commutative and associative and by definition of Brauer
equivalence the class of M; (k) is a neutral element for ®;. Thus we need to check
that ®; respects Brauer equivalence and that A% is indeed the inverse of A. So let

A, A', B, B’ be central simple algebras over k and n, m,r,s > 1 such that
A @y M, (k) =2 A @, My (k), B® M. (k)= B ®; Mk),
then by Lemma 4.0.4
(A®y, B) @ My, (k) =2 (A" @ B') @1 Myns(k).

This shows that Brauer equivalence is compatible with the tensor product.

Now let A be a central simple algebra and consider the k-linear map given by
¢: AR AP — Endi(A) : (a®b) — (x — axb).

This is an algebra homomorphism since (a ® b)(a’ ® V') = (aa’ ® b'b). Clearly ¢
is non-zero, as for example the image of (1 ® 1) is the identity. Since A ® A is

simple, we conclude that ker(¢) = 0 and so ¢ is injective. For dimension reasons it
is surjective. Hence A ®; A% = Endy(A) = M,,(k), where n = dimy(A). O

Proposition 4.1.4. Every element of Br(k) has a unique representative which is a

division algebra.

Proof. This is a consequence of Wedderburn’s theorem 4.0.5. Let A be a central
simple algebra and D the unique division algebra such that A = M, (D) = D ®
M, (k). This shows that the class of A is represented by D. Moreover if D’ is
another division algebra which is Brauer equivalent to A, then there are [,m > 1
such that

M(D") = D' @ My(k) 2 A® M, (k) = D ® My, (k) = M,,,(D)

and the uniqueness part of Wedderburns theorem shows that D = D', O

The previous proposition shows that the Brauer group of k is trivial if and
only if there are no non-trivial division algebras over k with center k. So this is a

”closedness” condition.
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Example 4.1.5. The Brauer group of an algebraically closed field is trivial, since the

only division algebra over an algebraically closed field is the field itself. In particular,

Br(C) =0 and Br(Q) = 0.
Theorem 4.1.6. The Brauer group of a finite field is trivial.

Proof. We will show that every central division algebra over a finite field F' is trivial.
This follows from the fact that every finite division algebra is commutative, so it
equals its center.

The first theorem in [28] is precisely this statement. We replicate its beautiful
proof presented there. Let D be a finite division algebra and let F' be its center. Let
|F'| = ¢ and n the dimension of D over F. We wish to show that n = 1. For z € D*
let Z(z) denote the subfield of D consisting of the elements which commute with
x and let d(x) be its dimension over F. Then D is a vector space over Z(z) and
so §(z) divides n. By the orbit-stabiliser theorem the cardinality of the conjugacy
class of x in D* is [D* : Z(x)*]. Let S be a set of representatives of the conjugacy

classes of non-central elements, then

fo1=gq-1+3 L1 2)

Suppose n > 1 and let P be the nth cyclotomic polynomial, i.e. the product P(q) =
[1(¢ — ¢) over all primitive nth roots of unity ¢. P is the minimal polynomial of
a primitive root of unity and hence has integral coefficients. Since §(z) < n for all
z € S we conclude that the integer P(q) divides all terms in the sum in (2). As
P(q) also divides the left side it must divide ¢ — 1. This is the desired contradiction
since for all nth primitive roots ¢, one has |[¢ — (| > R(¢ — () > ¢ — 1. O

Example 4.1.7. Later we will see that Br(Q,) = Q/Z.

Next we will show that the Brauer group is isomorphic to a certain cohomology
group using Galois Descent. Let L/k be a finite Galois extension, C'SAy(n) the
isomorphism classes of central simple algebras A such that A ® L = M, (L) and
Br(L/k) the subgroup of Br(k) of classes split by L. Note that this is a subgroup
thanks to 4.0.8.

Lemma 4.1.8. C'SA.(n) is in bijection with H'(L/k, PGL,(L)).

Proof. We apply Galois descent 3.1.1 to the category of L-algebras inside the cate-
gory of k-algebras. By 4.0.7 any k-algebra which becomes isomorphic to M,,(L) over
L is automatically a central simple algebra over k. Together with the determination

of the automorphism group of M, (L) from lemma 4.0.9 this proves the result. [
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Theorem 4.1.9. Let L/k be a finite Galois extension, then there is an isomorphism
Br(L/k) — H*(L/k,L*)
and glueing these together gives an isomorphism Br(k) = HQ(I{:,EX).

Proof Sketch. A full proof can be found in [9, Chapter 4.4]. Let A € CSAL(n)
and f the corresponding cocycle in H*(L/k, PGL,(L)). Consider the short exact
sequence 1 — L* — GL,(L) - PGL,(L) — 1. Because L* is commutative
and contained in the center of GL,(L) it turns out that there is a coboundary
§: HY(L/k, PGL, (L)) — H?*(L/k,L*) as shown in [9, 4.4.1]. By the general form
of Hilbert’s Theorem 90 we have H'(L/k,GL,(L)) = 0, so § is injective.

Now let n = [L : k], then L ®, L = L™ and so there is a commutative diagram

1 > L* » (L®p L) —— (L®yp L)*/L* —— 1

Ju | |

1 > L* » GL,(L) — PGL,(L) —— 1

which induces the diagram

HY(L/k,(L®y L)*/L*) s H*(L/k,L*) —— H*(L/k,(L @1 L)*)

| i
HYL/k, PGL,(L)) —>— H2(L/k, L")
Now one can check that (L @ L)* = Ind?al(L/k)(LX) and so by Shapiro’s Lemma
H?*(L/k,(L®yL)*) = 0and ¢ is surjective. Thus H*(L/k, L*) is already in bijection
with H'(L/k, PGL,(L)).* To conclude one can further check that the map § is well-
defined on Brauer equivalence classes and is a group homomorphism.

The second statement follows since every element in Br(k) is split by some finite
extension L/k and H2(k, k") is the directed union of the H2(L/k, L*) because the
inflation maps H2(L/k, L*) — H2(k, k") are injective by inflation-restriction 2.4.14.

[

Corollary 4.1.10. The only division algebras containing R and which are finite

dimensional over R are R, C and the classical quaternions.

Proof. The only division algebra over C is C itself since C is algebraically closed.
By 2.3.2, H*(C/R,C*) = . Thus R and the quaternions are the division algebras
with center R. Conversely the center of any division algebra containing R is a field
extension of R. In order for the division algebra to be finite dimensional over R this

needs to be a finite extension and so the center is either R or C. OJ

4This shows that any central simple algebra split by L has dimension at most n? over k.
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Corollary 4.1.11. For any field k, the Brauer group Br(k) is a torsion group, more
concretely for any central simple algebra A over k, there exists m and | such that

A®™ 2 M (k).

Proof. Every central simple algebra is split by some finite Galois extension and
so Br(k) is the directed union of the Br(K/k) which are all torsion groups since
restriction-corestriction shows that H?(K/k, K*) is killed by [K : k]. Thus Br(k) is
a torsion group and the second statement follows from Wedderburn’s Theorem since

k is the unique division algebra which represents the trivial class in Br(k). O
Corollary 4.1.12. The m-torsion part is given by Br(k)[m] = H?(k, p,,).

Proof. Apply Hilbert’s Theorem 90 and the long exact sequence associated to
1= — k% 1. O

Corollary 4.1.13. Let K C L be a cyclic Galois extension, then the norm N :
L* — K* is surjective if and only if Br(L/K) = 0.

Proof. By 2.3.2 we have H*(L/K, L*) = K*/N(L*), so the result follows from the

theorem. []

Definition 4.1.14. A field k is said to satisfy property C., if every homogeneous

polynomial in n variables over k of degree d such that n > d" has a root in P71 (k).
Lemma 4.1.15. If k is Cy, then any algebraic extension K/k is C.

Proof. Assume that K/k is finite. If f(y1,...,y,) = 0 is a homogeneous equation
over K in n variables, then Ny ,(f(D_; z1:€s,..., Y ; Tnie;)) = 0 is a homogeneous
equation over k in [K : k]n variables, where the e; are a k-basis of K. If the
degree of the first equation is d < n, then the degree of the second equation is
[K : k]d < [K : k]n and hence has a nontrivial solution. Since every homogeneous
equation only involves finitely many coefficients we can in fact conclude that K is

(' for any algebraic extension K /k. O
Corollary 4.1.16. The Brauer group of a C field is trivial.

Proof. If k is C and L/k is cyclic with k-basis ey, ..., e, then N(>_ x;e;) —zfa is a
homogeneous equation of degree n in n + 1 > n variables and so the norm Ny is
surjective. Every algebraic extension of a € field is also C, thus Br(L/K) = 0 for
every cyclic L/K cyclic with K /k algebraic. Now suppose L/k is a Galois extension
of degree p®, then using that p-groups are solvable we employ 2.4.14 and the cyclic
case to show that Br(L/k) = 0. For a general finite Galois extension L/k we can

use 2.4.12 to reduce to the case of p-extensions. O]
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Corollary 4.1.17. If k (not necessarily perfect) is Cy, then cd(k) < 1.

Proof. Let p be a prime and H < G, be a pro-p sylow subgroup and £k, the fixed field
of H. By 2.8.4 it will suffice to show cd,(k,) < 1. If p = char(k), then from 2.4.6
and the Artin-Schreier sequence 0 — F, — k* — k* — 0 we find H?(k,,Z/pZ) =0
and so cd,(k) <1 by 2.8.5.

If p # char(k), then k,(u,)/k, is a Galois extension such that Gal(k,(u,)/k,) is
both a quotient of H and of order coprime to p hence , C k, and H?(k,, Z/pZ) =
H?(ky, 1) = Br(k,)[p] = 0 since k,, is C;. Thus cd,(k) < 1 by 2.8.5. O

Example 4.1.18. The converse of this statement is false. In fact there are fields
which are not C,. for any r but have trivial Brauer group. Let p, be an enumeration
of the prime numbers. Then let ko = C and k, = ko_1((tY™,p, + m)). We set
k= k. One can show that Gy, = Z and so cd(k) = 1. But in [2] it is shown that
this field is not C,. for any r.

However in general it is a conjecture [21, I1. 4.5] that k& having property C,. implies
cd(k) < r. The case r = 2 is established and for r > 2 we know [12, Theorem 1.15]
at least that cd,(k) < [(r — 2)log,(p) + 1].

5 Local Class Field Theory

One of the main motivations for the development of group cohomology was to find
a good formulation of the theorems of class field theory. In this section we develop
the class field theory of local fields with finite residue field as in [5], [16] and [20].
Throughout K will be a field, complete with respect to a discrete valuation and
finite residue field k and K will denote its separable closure. Interesting examples
are finite extensions of QQ, and Laurent series k((t)) for a finite field k. From a
modern point of view local class field theory is the study of the cohomology of the
Gal(L/K)-module L* for all finite Galois extensions L/K. For example we can
compute the Brauer group of a field and by Tate’s theorem this will give rise to
isomorphisms K* /Ny x(L*) — Gal(L/K)® for every Galois extension L/K. In
particular this helps us understand the abelian extensions of a local field. A famous
consequence is the local Kronecker-Weber theorem, i.e. that every finite abelian

extension of Q, is contained in a cyclotomic extension Q,((,,) for some m.

5.1 The Cohomology of a Local Field

Recall the correspondence between separable extensions of the residue field k£ and
separable, unramified extensions of K [5, Chapter 1. 7.]. It will be used frequently

in the following section.
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Lemma 5.1.1. Let G be a finite group and let M be a compact topological Z|G|-
module with a decreasing filtration of closed submodules M = M° > M' > ... such
that Y M* = {0} and HY(G, M'/M*™Y) =0 for all i > 0, then HY(G, M) = 0.

Proof. From the short exact sequences
1 — MY M™ — M°/M™ — M°/M™ — 1,

we deduce that HY(G, M°/M") = HI(G, M°/M"') = ... =2 HY(G, M°/M*') = 0.

The conditions on the filtration show that the canonical map
M — lim M/M"
%

is injective and has compact and dense image. Hence it is an isomorphism of Z[G]-
modules. Moreover for any finite d, the sets of the form (M")? form a base of the

topology of M. Since G is finite we can apply this to get canonical isomorphisms
a Gl PR
CUG, M) = MICI" = <lim M/M") > lim(M/M™)€!" 2 lim CU(G, M/M™)
— — —
which induce an isomorphism H9(G, M) = lim. HY(G, M/M™) = 0. O

Lemma 5.1.2. For every finite unramified Galois extension K C L with group G
we have

HY(G,U,) =0
for all ¢ > 1, where U, = {x € L* : v(x) = 0} is the group of units of L.

Proof. G is isomorphic to the Galois group of an extension of finite fields and hence
cyclic. Tt suffices to show H'(G,Ur) = 0 and H*(G,Ur) = 0. The first of these
follows from Hilbert’s Theorem 90 since there is a G-isomorphism L* = Z ¢ U
because L/K is unramified, so 0 = H'(G, L*) 2 HY(G,Z) ® H'(G,Uy).

Let 7 be a uniformiser of K, then 7 is also a uniformiser of L since the extension
is unramified. Let U" = 1 + 7"Op, for n > 1 and U° = U. G naturally acts on
U™ for all n > 0. We have G-module isomorphisms U™ /U™ = kf for n > 1 and
U°/U' = kf, where ky, is the residue field of L. Now theorem 2.4.6 implies that
HY(G,U™/U™") =0 for all ¢ > 1, since G is isomorphic to Gal(kr,/k). By Hilbert’s
Theorem 90 we have H'(G,U°/U') = 0. Since the Brauer group of a finite field is
trivial we also have H?(G,U%/U') = 0. (Alternatively since the Herbrand quotient
of a finite module is trivial by 2.3.8.) Now Lemma 5.1.1 shows H*(G,U;) = 0, as
required. O]

Corollary 5.1.3. For a finite unramified Galois extension K C L, there is an
isomorphism H*(L/K,L*) = H*(L/K,Z).

49



Lemma 5.1.4. For a finite unramified extension K C L, we have H*(G,L*) =
Hom(G,Q/Z) = Z/[L : K|Z.

Proof. Consider the short exact sequence of trivial G-modules
0-Z—-Q—Q/Z —0.

As L/K corresponds to a separable extension of k, G is cyclic and by looking at the

resolution 2.3.2 we immediately find that the cohomology of Q is trivial and so
Hom(G, Q/Z) = HY(G,Q/Z) = HX(G,Z) = H(G, L¥).

Since G is cyclic we get an isomorphism Hom(G,Q/Z) = Z/[L : K|Z. O

In the sequel we write HY(L/K) for HY(L/K,L*) and we denote the above
isomorphism by ay/x : H*(L/K) — GV, where G¥ := Hom,(G,Q/Z).

Lemma 5.1.5. Let K C L C FE be finite unramified Galois extensions, then the

diagram

InfE/L

H*(L/K) H*(E/K)

lO‘L/K laE/K

Gal(L/K)" —— Gal(E/K)"

commutes, where the bottom map is induced by the restriction of automorphisms to
the subfield L.

Proof. Let us describe the map aZ/IK more explicitly. Given y € Gal(L/K)" , choose
f:Gal(L/K) — Q such that x = f (mod Z). Then
(az/xx) (o.7) = wl IO,

Using this for the extensions L/K and E/K and remembering the definition of the

map Infg,;, we find

(InfE/L an/le) (o,7) = (ozz/le> (ol T|L)-

Now the key observation is that if f lifts x : Gal(L/K) — Q/Z to Q, then o —
f(olp) lifts xg : Gal(E/K) — Q/Z : 0 — x(o|). This shows that

(amhexe) (@.7) = (agfix) (@l 7le)
as required. O

Given unramified extensions L, /K, the field extension generated by all the L,

is again unramified. Thus the union of all separable, unramified extensions is the
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maximal separable, unramified extension denoted by K“". The previous lemmas

combined together with 2.6.15 show that we have a unique isomorphism
H* (K" /K) 5 Gal(K"™/K)Y

such that for all finite unramified Galois extensions K C L, the diagram

IHfKun /L
—

H*(L/K) H*(K"™ /K)

laL/K laK

Gal(L/K)" —— Gal(K*™/K)"

commutes. Further there is an isomorphism Gal(K*"/K) = Gal(k/k) = Z. One can
make this explicit by letting ¢ = |k|, choosing the automorphism Frob, : K*" — K"
such that Froby(a) = a? (mod 7) and sending this to 1 € Z. Then we see that
Gal(K""/K)"Y — Q/Z : x — x(Frob,) is an isomorphism. The composite of ag
with this isomorphism is called the invariant map and denoted by invg. For an
unramified Galois extension K C L one defines invy x as invg o Inffun.

We now turn to ramified extensions. The goal is to show that in fact already

H*(K"/K) = H*(K/K) which implies H*>(K/K) = Q/Z.

Lemma 5.1.6. Let K C L be a finite Galois extension. Then H*(L/K) contains a
cyclic subgroup of order n = [L : K].

Proof. Let e be the ramification index and f the degree of the residue field extension.

Then we have commutative diagrams

x+—>x(Froby,

J GY L, Q/z
[ I l

We will use that L*"* = LK"" which follows from the fact that the residue fields of
L and K have the same algebraic closure. This implies that the map Gal(L*"*/L) —
Gal(K*"/K) : 0 + o|gun is injective and as a result induces a restriction map
Res: HI(K""/K) — HY(L""/L). Consider the diagram

x—x(Froby,

HX(L™ /L) —2— H*(Gal(L*"/L),Z) —— Gal(L""/L)" Ny oY/

ResT e~ResT e~ResT ef T

HAK™ ) K) — H(Gal(K"™/K),Z) —— Gal(k/K)Y 22X 07
The rows compose to invy, and invg and n = ef. Finally we obtain the commutative

51



diagram

0 — H*(L/K) —— H*(K/K) —2= H*(L/L)

i o] ]

0 — ker(Res) —— H2(K""/K) 2%, H2(L"" /L)

. —1 . —1
IHVK lIlVL

0 —— 12/ —— Q/Z —"— Q/Z

I

with exact rows. Since invg and invy are isomorphisms, we see that ker(Res)
Z/nZ. Further ¢ is injective since Inf is injective by 2.4.14 and Hilbert 90. O]

Lemma 5.1.7. If K C L is a finite Galois extension with group G, then there exists
an open subgroup V- C Uy, such that HY(G,V) =0 for all ¢ > 1.

Proof. We follow the approach taken in [5, Chapter 6, 1.4]. The idea is to use the
additive group of L which already known to be free over Z|G| by the normal basis
theorem. Let a € L such that {o(a)}seq is a basis of L over K. By multiplying
a with a high power of a uniformiser 7x of K we may assume that o(a) € Of, for
alloc € G. Now let M =3 _.o(a)Or. M is an open subgroup of Op, so there is
N > 1 such that 7¥Op, C M. Let V =14 7¥ M, then V is a subgroup of Uy, since
for x,y € M one has

(14+a¥z)(1+78y) = 1+ @+y)rN 4 ayry e 1478 M +72 O, Cc 147N M +7¥M

further V' is open since it contains 1 + 72¥Op. Note that V is a closed subset of
the compact group Uy, and V¢ = 1+ "M is a decreasing filtration of V by closed
Z|G]-submodules. By Lemma 5.1.1 it suffices to show that H¢(G,V*/Vtl) =0 for
all 4. There is an isomorphism of Z[G]-modules V*/Vi*™ — M /mpM : 1+ 7w — T
and M/mxM = Ind$ (O /nOp). Thus by Shapiro’s lemma H9(G,V?/Vitl) = 0,

as required. O

Lemma 5.1.8. Let K C L be a cyclic Galois extension of degree n, then H*(L/K) =
Z/nZ and H*(L/K) is contained in the image of Inf : H*(K**/K) — H*(K/K).

Proof. Let V' C Uy, be a subgroup as in Lemma 5.1.7, then h(UL) = h(V)R(UL/V) =
1, since V has trivial cohomology and Uy, /V is finite. Now even though the extension
might be ramified we still have L* /U, = Z and so h(L*) = h(Ur)h(Z) = h(Z). But
H*(G,Z) =7Z/nZ and H'(G,Z) = 0 by 2.3.3, hence h(L*) = n. Hilbert’s Theorem
90 implies that n = h(L*) = |H*(L/K)| and Lemma 5.1.6 completes the proof. [J

Lemma 5.1.9. Let K C L be a finite Galois extension of degree n, then H*(L/K) =
Z./nZ and H*(L/K) is contained in the image of Inf : H*(K" /K) — H*(K/K).
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Proof. We already know that H?(L/K) contains a cyclic subgroup of order n. Thus
it suffices to show |H*(L/K)| < [L : K]. Let p be a prime dividing n and G, a
p-sylow subgroup of G = Gal(L/K), then H*(G,L*) — H*(G,,L*) is injective on
p-primary components. Hence it suffices to show the lemma in the case that G is a
p-group.

So assume that G is a p-group. For |G| = p the claim has already been proven.
Now assume the claim holds for p-groups of order p? and let |G| = p?*t. Let H < G
be a normal subgroup such that G/H is cyclic of order p. Then we have the inflation

restriction sequence
0— H*(L"/K) — H*(L/K) — H*(L/L")

and so |H?(L/K)| < |H*(L"/K)||H*(L/L*)| < p-p? = p¢! by the inductive
hypothesis and the cyclic case. O]

Theorem 5.1.10. H*(K/K) = H*(K*"/K) = Q/Z.

Proof. H?(K/K) is the directed union of the H?(L/K), for L a finite Galois exten-
sion. As we have seen, these are all contained in the image of Inf : H?(K""/K) —
H?*(K/K), hence Inf is an isomorphism. O

This shows for example that every central simple algebra over K is split by an
unramified extension of K. Furthermore, the isomorphism H?(K/K) = Q/Z allows

us to apply Tate’s theorem in the next section.

5.2 Abelian Extensions

We begin this section with a general theorem due to Tate about finite group coho-
mology whose proof we shall omit. This is also one of the few places where we need

the Tate cohomology groups.

Definition 5.2.1. Let G be a finite group and A a Z|G]-module. For q € 7 define

the Tate cohomology groups as

(H9(c, A) g>1
. A% /N A gq=20
HI(G, A) =

ker N/(a—ga:a€A,geG) q=-1

\qu71<G7A) q S —2

The Tate cohomology groups form a ’cohomological functor’ in the sense that
given a short exact sequence of Z|G]-modules 0 - A — B — C — 0 we get a (very)

long exact sequence
o H7YG,C) = HY(G,A) — H(G, B) — H(G,C) = H*Y(G,A) — ...
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This sequence comes from glueing together homology and cohomology by applying

the snake lemma to the diagram

. —— H(G,C) > Ag > Ba s Cqg ——— 0
O N
0 > AC » B¢ y C¢ —— HY (G, A) —— ...

In addition, the cup product on group cohomology extends to a cup product on Tate
Cohomology HP(G, A) x HY(G, B) = HP(G, A® B) and now we can state Tate’s
theorem [16, 11.3.11].

Theorem 5.2.2 (Tate). Let G be a finite group and C a Z|G]-module such that
for all subgroups H < G we have H'(H,C) = 0 and H?*(H,C) is cyclic of order
|H|, then for all v the map H™(G,Z) — H™2(G,C) given by the cup product with

a generator of H*(G,C) is an isomorphism.

This applies to class field theory in the following situation: If L/K is a finite
Galois extension of local fields, then we proved that G = Gal(L/K) and C' = L*
satisfy the conditions of the theorem. For r = 1, we get an isomorphism H'(G,Z) —
H3(G, L*) and so we deduce H*(G, L*) = 0 since H'(G,Z) = 0 for any finite group
G and passing to the limit, H3(K, K ) = 0.

More importantly, the isomorphism H~2(G,Z) — H(G, L*) = K*/N(L*) will
play a significant role. By definition, ﬁ”(G, Z) = H,(G,7Z). This homology group

has another interpretation as shown in the following lemma.
Lemma 5.2.3. Let G be a finite group, then H,(G,7Z) = G®.

Proof. Consider the exact sequence 0 — I — Z[|G] — Z — 0, where the right
hand maps g — 1 for all g € G and I is its kernel. Since Z[G] is free, it has trivial
homology and so we have an exact sequence 0 — H,(G,Z) — I¢/13 — Z|G]/Ig —
Z — 0. The map Z[G]/Ic — 7Z is an isomorphism and so H,(G,Z) — Ig/I%
an isomorphism, too. Let f : G® — I5/I% : g — g — 1, then f(gh) = gh — 1 =
(g—1D(h=1)+(g—1)4+ (h—1) = f(g9) + f(h) so this is a homomorphism. It is
surjective since I/I% is generated by elements of the form gh — h with g,h € G.
But gh—h—g+1=(g—1)(h—1) =0 (mod [3) and so gh —h =g —1= f(g)
is in the image of f. To show injectivity, let C' be a cyclic group of order m, then
Ic/1% = (z—1)Z[x]/(z™ =1, (x—1)?) 2 Z[z] /(2™ + 2™ 2+ + 1,2 —1) 2 Z/mZ
and so f : C' — I¢/I% is also injective in this case. If C is a cyclic quotient of G,

—e

S

then we have a commutative diagram

G——C

lf |
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where the right downward arrow is an isomorphism. Hence if g € ker(f), then
g € ker y for all characters x : G — Q/Z. Consequently ker(f) < G® is trivial. [

By Tate’s theorem there is an isomorphism ¢,k : K*/N(L*) — G which is
called the local Artin map. But since we didn’t define the cup product on Tate
cohomology we state another result which allows us to reason about the local Artin

map in terms of usual group cohomology.

Lemma 5.2.4. Let G be the Galois group of a finite Galois extension of local fields
L/K. Let x € Hom(G,Q/Z) be a character, then x(¢r/k(a)) = invg(a U dx) for
all a € K*, where § : H'(G,Q/Z) — H*(G,Z) is the coboundary associated to
0—-7Z—-Q—Q/Z— 0.

Proof. This is done in [19, Theorem 3.1.6]. O

This allows us to avoid Tate Cohomology in most places. However, it should be
noted that many results on group cohomology extend to Tate Cohomology. The
main tool for establishing these is dimension shifting because it turns out that
H?(G,Ind%(A)) vanishes for all ¢. When G is finite, then Ind$ A = Z[G] @7 A and
there is a canonical surjection Z[G]® A — A : g®a — ga. Let A’ be the kernel of this
map, then the long exact sequence furnishes isomorphisms H G A) H 9G,A)
which allow us to lower indices. For example the corestriction-restriction lemma
2.4.11 still holds in Tate Cohomology. For the properties of Tate Cohomology see
[20, Chapter VIII] or [19]. Returning to class field theory, here is a first important

application of the lemma.

Lemma 5.2.5. If K C E C L are finite field extensions of a local field K with L/ K

and E/K Galois, then

K% 25 Gal(L)K)™

b

K% 22 Gal(B/K)®

commutes, where the right arrow is restriction of an automorphism to E.

Proof. Let x be any character of Gal(E/K) and x’ its pull-back to Gal(L/K), then
by 5.2.4 it suffices to show that invg(a U dyx) = invg(a U dx’) for any a € K*. By
definition a = Infk(a) and ¥’ = Inf%(y) and since inflation is induced by chain maps
everything is compatible and invg(a U dx’) = invg (Inf(a U dx)) = invg(a U dx) as
required. O]

Consequently the ¢,k glue together to a unique map ¢ : K* — Gal(K*/K).
Moreover if L/K is unramified, then ¢,k (a) = Frob”@. To see this recall that

invy g is given by

x—x(Frob
(Frob)

HY(LJK, L) % HY(L/K,Z) ° HY(L/K,Q/Z) Q/Z.

95



Thus for any a € K* and character x of Gal(L/K) we have

X(¢1/x(a)) = (67" (v(a)dx))(Frob) = v(a)x(Frob) = x(Frob"®).

Example 5.2.6. Let p be an odd prime and a € Z square-free, coprime to p. By

Hensel’s lemma a is a square in Q, if and only if a is a square mod p and if we

identify Gal(Q,(v/a)/Q,) with a subgroup of {1}, then

a Up(x)
D0, (va)/Q,(T) = (1—,) -

Moreover, if L/K is abelian, then ¢/ : K*/Np/k(L*) — Gal(L/K) is an
isomorphism, so ¢x extends to an isomorphism ¢y : K* - Gal(K*/K), where
KX = lim K* /N k(L*). This is the completion of K* with respect to the 'norm
topology’ which has as a basis of open sets the cosets of the subgroups of K of the
form Ny, r(L*) for some finite abelian extension L/K. Such subgroups are called
norm subgroups of K*.

One can show that the canonical isomorphism K* — Uk X Z induces an isomor-
phism KX =U x x 7 and so in a sense we have determined all abelian extensions
of K. This can be made way more explicit by Lubin-Tate theory [16], but in the
global case no such thing is known.

We will prove the isomorphism KX~y x X 7 at the end of this section but first
we shall derive a famous consequence in the case K = QQ,. We have an isomorphism
Gal(Q;b/Qp) = Zy % 7 such that the projection Gal((@gb/@p) — Gal(Qy"/Qy)
corresponds to the projection to the Z factor as Prun k(@) = Frob’®. From this

we can get

Theorem 5.2.7 (Local Kronecker-Weber Theorem). The mazimal abelian extension

of Q, is the extension obtained by adjoining all the roots of unity, i.e. ng =
Unz1 @p(Gm)-

Proof. We have already seen that the Z factor comes from the unramified extensions
of Q,. By Galois Theory there is an abelian extension L/Q), such that Lﬂ@g” =Q,
and LQy" = ng and Gal(L/Q,) = Z).

Since F, = Uns1 Fo(Gro1) = Uy Fo(Gn) we have Q5" = U, Qp(Gr). It Te-
mains to show that L can be obtained from Q, by adjoining some roots of unity.
The extensions Q,((yn) are abelian and totally ramified, so Q,(¢n) NQp" = Q, and
Qp(n) C L. On the other hand the Galois group of L' = |J,~, Qp(¢n) over Q, is
7). So Gal(L/Q,) — Gal(L'/Q,) is a continuous surjective n;ap 7y — 7. Thus
it suffices to show that any such map is also injective. We complete this in the next

lemma. L]

Lemma 5.2.8. Any continuous surjective group homomorphism f : Z; — Z) is

njective.
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Proof. For any odd prime p we have F x Z, = Z; via the exponential map. For
p = 2, we have {1} x Zy = Z. Since any non-zero, closed subgroup of Z, has
finite index (by taking limits one shows that a closed subgroup of Z,, is a Z,-module)
and the image of f is infinite, we conclude that ker f is contained in the finite factor.
But then f defines an isomorphism G' x Z, — H x Z, for some finite groups G, H
such that |H| < |G|. This is a contradiction since f would have to map the torsion

subgroup G onto H isomorphically. O]

Now we can even deduce the classical Kronecker-Weber theorem from the local

version as shown in [23].

Theorem 5.2.9 (Kronecker-Weber Theorem). Any finite abelian extension K/Q is

contained in Q((y) for some integer m.

Proof. Let p € Z be a prime which ramifies in K and p a prime of K above p. Then
K,/Q, is an abelian extension and so there exists an m, such that K, C Q,(¢n,)-
Set m = [L,a, 2™ then we will show L := K((n) = Q(¢n). L = KQ((n)
is an abelian extension of Q. Let q be a prime of L lying over a prime p | m
then L,/Q, is an abelian extension and we let F/Q, be its maximal unramified
subextension. Whenever p 1 k, then Q,((x)/Q, is unramified so Ly = F((pe), where
e = vy(m). Moreover Q,((ye) N F = Q, since F/Q, is unramified. As a result
Gal(Ly/F) = Gal(Qp(Ge)/Qp) = (Z/p°Z)*. But Gal(L,/F) is isomorphic to the
inertia group I, C Gal(L/Q). Now consider the group I generated by all the inertia
groups I, for p | m, then the extension L!/Q is unramified and so L! = Q by
Minkowski’s theorem. Finally [I| <[, |I,| < ¢(m), hence [L : Q] < [Q((n) = Q)
which implies L = Q((,,,) as required. O

Definition 5.2.10. Suppose p,, C K and let a,b € K*/(K*)™ = H'(K, u,,), then
we define the (mth power) Hilbert symbol (a,b) i .m as the pairing

HY (K, i) X H' (K, i) = H* (K, ftry ® i) = Br(K)[m] 22 piy,.

When K and m are clear from the context we will omit them from the notation.

Remark 5.2.11. There is a canonical isomorphism H? (K, piy, @ pm) = H*(K, fim) ®
I given by the cup product. Together with the invariant map we get a canonical

isomorphism H? (K, fym @ fim) = fho,.
Proposition 5.2.12. The Hilbert symbol is a non-degenerate pairing and (a,b) g m =

1 if and only if a is a norm from K(bY/™).

Proof. Let b € K* and suppose that (a,b)xm = 1 for all @ € K*, then da U db =0
for all @ € K*, where 0 is the coboundary associated to the Kummer sequence. We
apply lemma 2.5.10 to the sequences 0 — Z *% Z — Z/mZ — 0 and 0 — jty, —
K5 K" — 0 with the pairing Zx K — K : (m,z) — 2™
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Now we have 0 = daUdb = aU§%b and so x(¢x(a)) = 0 by 5.2.4, where x; = 6b
is the Kummer character of b. ¢ hits every continuous finite quotient and so it hits
every coset of every open subgroup. Thus the image of ¢y is dense in Gal(K%/K)
and consequently x;, = 0 and b is an nth power.

On the other hand if L = K(b'/™) has degree m over K, then Y, induces an
isomorphism Gal(L/K) — Z/mZ, thus x,(¢1/x(a)) = 0 if and only if a € N,k (L).
If the degree of L/K is less than m, then we can use a Hilbert symbol with small

enough m to deduce the claim in the same way. O

Theorem 5.2.13 (Existence Theorem). All open finite index subgroups of K* are

norm subgroups and KX = Uk X Z.

Proof. This is basically the method of proof from [16] but we avoid the use of the
norm limitation theorem. First let N = Ny k(L) < K* be a norm subgroup, then
the local Artin map is an isomorphism K*/N — Gal(L/K). Thus N has finite
index in K*. Since Uy is compact, N(Up) is closed in Uy and it has finite index
since Ux /N (UL) embeds into K*/N. Hence N(Up) is open in Uk which is open in
K> and so N(Up) is an open finite index subgroup of K*.

Now let M < K* be a finite index open subgroup. For a finite extension
K'/K, set Dgr = (Y Nk (L*) where L runs over the finite extensions of K’. Then
Ng1ykDgr = Dg. Clearly D C Ng//gDgr. For the other inclusion, let a € D
and look at the sets Sp = NI_(,I/K(CL) N Nk (L), where L is a finite extension of
K'. Each Sy is non-empty since a is a norm from L/K by definition of Dg. Further
Spe C Sp, N Sg for any finite extensions L, F/K'. Each Sy, is non-empty since a is
a norm from L/K by definition of Dg. Similarly to above one checks that the Sy,
are compact and so their intersection is non-empty as required.

Now we show that Dy is divisible. Let a € Dk, n a positive integer and L =
K (jn). Since D = Np x(Dpr) there is b € Dy, such that a = Nk (b). Moreover
the Hilbert symbol satisfies (b,¢)r,, = 1 for all ¢ € L* by definition of Dy. Hence b
is an nth power and so is a. As a result Dy is divisible.

Since M < K* has finite index and Dy is divisible, Dx C M. Each N x(L*)N
Uk is compact and M is open so there are finite extensions Ly, ..., L, of K such that
N(L{)N---NN(L)NUx C M, taking L = Ly Ly ... Ly we find Ny (L*)NUx C M.

Let N = Np/k(L*), then NN (Ux - (NNM)) C M since if a € Ug, b€ NN M
such that ab € N, then a € NNUg C M and also ab € M. N N M has finite index
in K* and as a result Ux (N N M) is a finite index subgroup of K* containing Ugk.
But Uk is the kernel of the valuation v : K* — Z, hence Ug(N N M) = v=Y(mZ)
for some non-zero integer m. This is the norm group of the unramified extension of
degree m by the computation of the cohomology of unramified extensions 5.1.3.

Finally M contains the intersection of two norm groups N and Ux(NNM) and so
M contains a norm group Np, g (£*) for some finite field extension /K. By possibly

extending F' we may assume that F//K is Galois. Moreover, if F’ is the maximal
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abelian subextension of F then Gal(F'/K) = Gal(F/K)® and N(F') = N(F)
since the local Artin map is an isomorphism. So we may assume that F/K is
a finite abelian extension. Let E be the fixed field of ¢p/x(M). Since F/K is
abelian, F//K is Galois and we have Ng/k(E*) = ker ¢p/x = ker(¢p/k|p) = M
since ¢p/x(M) = Gal(F/E). In conclusion M is the norm group of the finite
abelian extension E/K.

For the second part of the theorem note that the groups of the form V x nZ
where V' < Uy is an open subgroup are norm groups and they form a basis of
open neighbourhoods of the identity in the norm topology. Ug is profinite as can
be checked with 2.6.6. Thus the canonical map Ux — lim, Uk /V where V runs
through the open subgroups is an isomorphism. Hence there is a canonical isomor-
phismf(\X%UKxZ O

Corollary 5.2.14. The assignment L — N(L) := N k(L) is a bijection from the

finite abelian extensions of K to the finite index open subgroups of K*.

Proof. By the existence theorem L +— N(L) is surjective. Suppose L, L’ are two
abelian extensions of K such that N(L) = N(L'), then E = LL’ is another abelian
extension and N(E) C N(L) N N(L'). Moreover, by 5.2.5 ¢g/k(x)|r = id if and
only if z € N(L) = N(L') if and only if ¢g/k(2)|r =1id. As ¢,k is surjective we
find Gal(E/L’) = Gal(E/L) and by Galois Theory L = L'. O

Given a finite abelian extension L/K we define its conductor as the least non-
zero integer ¢ such that (1475 Ok) C N(L). The conductor exists since N(L)NOx
is an open subgroup of Oj. We have already seen that if L/K is unramified, then
H*(L/K,Ur) = 0 and since L/K is cyclic this implies N(Uy) = Ug and ¢ = 0.

Moreover, we have

Proposition 5.2.15. Let L/K be a finite abelian extension with ramification index e
and inertia degree f whose residue field has characteristic p and let ¢ be its conductor,
then

e ¢ =0 if and only if L/K is unramified;
o c=1if and only if L/K is tamely ramified;
e ¢>2if and only if L/K is wildly ramified.
In the last case the inequality vy(e) < (¢ — 1) f holds.

Proof. Letn = ef = [L : K] and F/K the maximal unramified subextension. Let 7,
be a uniformiser of L, then Ny g () is a uniformiser of £ and so v (Ny/k(71)) = f.
Hence we always have mf. € N(L) for some uniformiser . Moreover if 7%, € N (L)

for some 0 < s < f, then we have an element in L with valuation 0 < es/n < 1.
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Absurd. This shows that f = min{vg(N(x)) : © € 7,Or} and thus n = [K* :
N(L)] = flUx - N(UL)]

If =0, then Ux C N(UL) and so e = 1, i.e. L/K is unramified.

If ¢ > 1, then Ux ¢ N(L), i.e. e>1and L/K is ramified.

If c=1, then (14 7xOk) C N(L) and e | [Ux : (1 + mxOk)], hence p t e and
L/K is tamely ramified.

If ¢ > 2, then (N(L) N (1 + 7x0k))/(1 + 75 Ok) is a non-zero p-group of
cardinality at most p/(“™) and so v,(e) < (¢ — 1)f. O

5.3 /(-Extensions

In this section we assume that the characteristic of K is 0, i.e. that K is a finite
extension of @, and we indicate how one can think about the possible /-extensions
of K, i.e. not necessarily abelian Galois extensions whose degree is a power of /
for some prime ¢. On the way we encounter the Tate Duality Theorem and Euler-

Poincaré characteristics.
Theorem 5.3.1. The cohomological dimension of K satisfies cd(K) < 2.

Proof. Lang proved in his thesis [13] that the maximal unramified extension K" of
K is a O field. As a result cd(K"") < 1 by 4.1.17. Let H = Gal(K/K"") then we
have an exact sequence

1—- H—Gg — G — 1.

Since G, = Z we have cd(k) < 1 as well. Now the Hochschild-Serre spectral sequence
2.4.17
Hi(K™ K, H (K™, A)) = H™"(K, A)

shows that H"(K,A) = 0 for n > 3, where A is a torsion Gx-module. Thus
cd(K) <2. O

Lemma 5.3.2. Let K be a field complete with respect to a discrete valuation v and
finite residue field, then K*/(K*)" is finite.

Proof. Let R = {x € K : v(z) > 0} and 7 € R a uniformiser. When v(z) is
sufficiently large, then both exp(z) = > ., % and —log(l — z) = Y L converge.
Hence there is an isomorphism exp : 7°R —; 1+7°R for s large enough. m*R/nm*R =
R/nR is finite since R/7R is finite by assumption and so 1 + 7°R/(1 + 7*R)" is
finite as well. Using that the residue field is finite it is straightforward to check that
R* /(14 m*R) is finite as well.

Considering the following diagram it is easy to see that R*/(R*)" is finite

0 —— (1+7°R) > R » R*/(14+mR) —— 0
> R

0 — (1+7°R) X » R*/(1+71R) —— 0

60



hence also K*/(K*)" is finite since K* = Z x R*. O
Proposition 5.3.3. Let A be a finite Gx-module. Then H'(K, A) is finite for all i.

Proof. For ¢ = 0 this is trivial. For ¢ > 2 this follows from 5.3.1. Since A is finite,
there exists a finite extension L/K such that G acts trivially on A and so A is
isomorphic to a direct sum of copies of Z/nZ. After adjoining sufficiently many
roots of unity we find a Galois extension L/K such that over L, A is isomorphic to
a direct sum of some p,. Then H'(L, u,) = L*/(L*)" is finite by 5.3.2. Moreover
by the cohomology long exact sequence and 5.1.10 H?*(L, u,) = Br(L)[n] = Z/nZ
is finite, too. From the spectral sequence H'(L/K, H'(L, A)) = H™ (K, A) we
conclude that H'(K, A) is finite for i = 1, 2. O

This allows us to define the Euler-Poincaré characteristic by

() = AR )

hi(A)
where A is a discrete Gg-module and h'(A) = |H(K, A)|. This is an additive
function on the category of finite discrete G x-modules since cd(K) < 2 by 5.3.1, i.e.
for every short exact sequence 0 - A — B — C' — 0 we have x(B) = x(A)x(C).
Let A be a finite Gx module and set A’ = HomZ(A,?X) with G acting by
(g, f)— (z— gf(g'x)), then we have

Theorem 5.3.4 (Tate Duality). Let A be a finite discrete Gk module, then the cup
product
HI(K,A) x H* (K, A") - H}(K,K*) ~ Q/Z

is a non-degenerate bilinear pairing for 0 < i < 2.

Proof Sketch. The idea is to show that the functor A — H?(K, A) for A finite is
representable as A — Homg (A, I) for some torsion module /. One then uses the
computation of the Brauer group of a local field to show that I = y is the module of
all roots of unity. Now A’ = Hom(A, I) since A is finite and so the theorem follows
for i = 2. For i = 0 one switches the roles of A and A" and uses A” = A. Fori =1
one can use dimension shifting to reduce to ¢ = 2. See [21, IL.5. Theorem 2| for the

proof. O

Note that for A = Z/nZ we recover the properties of the Hilbert symbol. Let ¢
be a prime and G (¢) the maximal pro-¢ quotient of G, i.e. the Galois group of

the maximal /-extension of K.
Lemma 5.3.5. If Gx({) = Gk /N, then H'(N,Z/{Z) = H*(N,Z/(Z) = 0.

Proof. 1t H'(N,Z/(Z) # 0, then there is a non-trivial continuous map N — Z/(Z
and N has a non-trivial pro-¢ quotient. This is impossible because if N/M is the
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maximal pro-¢ quotient, then M is also normal in G since N/gMg~*

is another pro-/¢
quotient of N. But by maximality of M this implies N = M.

Let K (¢) be the maximal (-extension of K and let K (¢) C L be any algebraic
extension, write L = lim_, L, as a union over finite subextensions K C L, C L.
Let A be a central simple algebra over L and {e;} be a L-basis of A. Then by
writing e;e; and e; 1 as linear combinations of the e; there exists a finite subextension
K C K’ C L such that all the coefficients are in K’. So there is a central simple
algebra A’ over K’ such that A = A’ ® g+ L. This shows that Br(L) = lim_, Br(L,).

It L, C Lg is Galois of degree p®, then we have the commutative square

Br(La) —< Br(Lg)

linv linv

Q/Z —X— Q/Z

Since K (¢) contains the maximal unramified (-extension of K which have arbi-
trarily high degree over K we find that the ¢-primary component of Br(L) van-
ishes. Let M < N be a pro-f sylow subgroup and L the fixed field of M, then
L(pe)/L is a Galois extension of order prime to ¢. Thus pu, C L and Br(L)(¢) =
H?*(M, ) = H*(M,Z/{Z) = 0 and so cdy(N) < 1 by 2.8.5 and 2.8.4. In particular
H?*(N,Z/IZ) = 0. O

Corollary 5.3.6. Suppose K is a finite extension of Q,, then the maximal pro-£
quotient G (f) can be generated by dimg, K> /(K*)¢ elements. If K does not contain
the (th roots of unity s, then Gk (€) is free and if uy C K, then there is one relation

between those generators.

Proof. From the lemma and inflation-restriction 2.4.14 we find that the inflation
maps
HY (K({)/K,ZJ{Z) — H'(K,Z/lZ)

are isomorphisms for ¢ = 1,2. Thus 2.8.10 shows that the minimal number of gen-
erators of Gk (¢) is dim H'(K,Z/(Z) and the minimal number of relations between
those generators is dim H?(K,Z/(Z). The dual of Z/{Z is i, and so by Tate Duality
the dimension of H?(K,Z/{Z) is equal to the dimension of H°(K, u,) which is zero
or one depending on whether y is contained in K or not. Moreover, H' (K, Z/{(Z)
is dual to H'(K, jug) = K*/(K*)* and the claim follows. O

To compute the dimension of K /(K*)’ one could analyse the exponential map.

Alternatively, there is a strong result on Euler-Poincare characteristics [21, II. 5.7]:

Theorem 5.3.7. For any finite discrete G -module A we have x(A) = ||a||k, where

|- lx is the absolute value of K normalised to |p| = p~ %l and a is the cardinality

of A.
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Corollary 5.3.8. Let d be the dimension of K*/(K*). If uyp C K, then d = 2
ifl #pandd=1[K:Q))+2ifl=p Ifpu ¢ K, thend =1 if { # p and
d=[K:Q,+1ifl=np.

Proof. We have H(K,Z/(Z) = Z/{Z and H*(K,Z/(Z) is dual to H°(K, u;) which
has dimension 1 if g, C K and 0 if gy, ¢ K. Putting this together with the fact
that \(Z/¢Z) = 1if £ # p and x(Z/(Z) = ¢~ if ¢ = p we find the dimension of
H'(K,Z/¢Z) which is dual to K*/(K*)*. O

We investigate the previous results a bit more closely in the case K = Q,. If
¢t pp—1), then uy ¢ Q, and Gg(¢) is free of rank 1, i.e. isomorphic to Z,.
For such ¢, every Galois (-extension is cyclic since its group is a quotient of Z, and
moreover there is a unique such extension for every power of /. Since there are cyclic
unramified extensions of every degree these extensions must all be unramified. So
for example this shows that every Galois extension of Q5 whose degree is a power of
3 is a cyclic unramified extension. This is not surprising since ramification theory
[20, IV] shows that any prime divisor of the ramification index of any finite Galois
extension of Q, must divide p(p — 1).

For p = ¢ we have that Gg(p) is free of rank 2 for p > 2 and Gk (p) is generated
by 3 elements with one relation if p = 2. So for example for p > 2, a p-group can
be generated by 2 elements if and only if it appears as a Galois group of a finite

extension of Q,.

6 Global Class Field Theory

In this section we outline some of the theorems of global class field theory in terms
of the local ones. For simplicity we formulate the theory in terms of number fields
but one can generalise to other global fields, like function fields of algebraic curves
over a finite field. We refer to [16] for most substantial proofs. The main tools for

which are

1. Classical results in algebraic number theory from [17] like the finiteness of the

class group, Dirichlet unit theorem and Frobenius elements
2. Cohomological methods which connect to the local theory

3. Density of certain classes of primes which can be derived from the study of
the Dedekind zeta function.

In local class field theory we showed that for any finite Galois extension of local
fields L/K one has H'(L/K,L*) = 0 and H*(L/K,L*) = Z/[L : K|Z and this
isomorphism is compatible with inflation and restriction, i.e. the conditions of Tate’s
theorem are satisfied and we get the local Artin map ¢x : K* — Gal(K*/K). Now
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the goal is to take a number field K and somehow glue all the local Artin maps
b1, of the completions K, together to a global Artin map ¢k : Cx — Gal(K*/K),
where C'x is the idele class group. As in the local theory this is a powerful tool
for studying the abelian extensions of a global field. In addition the theory gives
rise to local-global principles, which determine some object over K from all the
corresponding objects over all the completions K. For example Br(Q) is determined
by the Brauer groups Br(Q,) and Br(R) which gives rise to the Hasse Principle.
Another main feature of the theory are reciprocity laws, which generalise the famous

law of quadratic reciprocity in several ways.

6.1 The Fundamental Exact Sequence

Definition 6.1.1 (Ideles). Let K be a number field, then we the define the ideles of
K as

Iy = {(xv) € I_IKUX cxy, € O for all but finitely many v} :

For a finite set of places S of K we set [xs = [[,cg K, X [[,05O; equipped
with the product topology. Now Ix = (Jq ks and we give it the limit topology. A

basis of this topology is given by the sets of the form [], .o U, such that U, C K

veS
is open and U, = O, for all but finitely many v.

Let L/K be a finite Galois extension, then the global Artin map is defined as the
unique map ¢,k : [x — Gal(L/K)® such that for each place v of K, the diagram

KX~ Gal(Ly,/K,)®

J |

e —2“%, Gal(L/K)™
commutes, where ¢, is the local Artin map of K. ¢,k is well-defined since the ¢,

vanish on O, when v is unramified in L and only finitely many places are ramified.
Definition 6.1.2. The idele class group of a number field K is Cx = I /K*.

The classical ideal class group is a quotient of the idele class group and we will
later see the very powerful result that ¢,/ factors through Cx. This is the basis of
the higher reciprocity laws which generalise the classical law of quadratic reciprocity.

Let L/ K be a finite Galois extension with group G, then G acts on I, by o(z,,) =
(0(Z4w)) and one can show that the inclusion Ix < I, induces an isomorphism I¢ =
Ig. Since HY(G, L*) = 0 by Hilbert’s Theorem 90 this also gives an isomorphism
C¢ = Ok. Now the analogue to the local theory is

Theorem 6.1.3. Let L/K be a cyclic Galois extension of number fields, then
HY(L/K,Cr) =0 and H*(L/K,C}) is of order [L : K].
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Proof. See [16]. O

Corollary 6.1.4. Let K C L be a finite Galois extension of number fields with
Galois group G, then H'(G,Cp) = 0.

Proof. As usual, we reduce to the case of G being a p-group using 2.4.12. So suppose
G is a p-group of order > p, then GG has a normal subgroup H of index p and we

have the inflation-restriction sequence
0— HY(G/H,C! - HY(G,CL) — H'(H,Cy).

Since CH = Cpu we conclude by exactness and induction that H'(G,Cr) =0. O

Corollary 6.1.5 (Second Inequality). Let L/ K be a finite Galois extension of num-
ber fields with group G, then the orders of H2(G,C) and H(G,CL) = Cx/N(CL)
divide [L : K|.

Proof. For H? this is another application of 2.4.12 and 2.4.14. Moreover, from

dimension shifting one can derive similar results for HY. O

Theorem 6.1.6 (Fundamental exact sequence). If K is a number field, then there

1S an exact sequence

0 — Br(K) — @ Br(K,) - Q/Z — 0,

where the first map is induced by the inclusions K C K,, the sum is over all places
of K and the right map is given by the sum of the local invariant maps. (In the case
that K, = R we send the class of the quaternions to 1/2.)

Proof. We only proof injectivity of the first map and for surjectivity we refer the
reader to [16]. Let L/K be a finite Galois extension with group G. For each place
v of K we have [[,, Ly = Indgwo L
Using Shapiro’s lemma and that the cohomology of unramified units is trivial one
finds H*(L/K,1) = @,Br(L,/K,) where w is any place lying over v. From the
exact sequence 0 = L* — [, — C, — 0 and 6.1.3 we obtain the exact sequence

s Where wy | v is some fixed place above v.

0 — Br(L/K) — P Br(L./K,) = H(L/K,Cy).

By passing to the limit we conclude that Br(K) — @, Br(X,) is injective. O

Corollary 6.1.7 (Hasse Norm Principle). Let a € K* be an element of a number
field and L/K a finite cyclic extension. Then for all but finitely many places v of
K, a is a norm from L,,, where w is a place of L lying over v. If it is a norm in all

completions, then a is a norm from L.
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Proof. If L/K is cyclic, then all L, /K, is cyclic for all places v. Since its Galois
group is isomorphic to the decomposition group of v which is a subgroup of the cyclic
group Gal(L/K). Hence by 2.3.2 we have Br(L/K) = K*/N(L*) and Br(L,,/K,) =

K /N(L}) and by the fundamental exact sequence an injective map
K*/N(L) = €D K /N(L).

It remains to show that this map is just given by the natural inclusions ¢, : K — K,.
Let x : Gal(L/K) — Q/Z be injective and H < Gal(L/K) the decomposition
group of w. a + a U Jdx is an isomorphism K*/N(L*) — H?*(L/K,L*) by 2.5.12.
Now since the cup product and coboundary map are compatible with restriction
we find Resy(a U dx) = a U d(Resy x). But Resy x = x|y is an injective map
H — Q/Z and so again by 2.5.12 a — a U §(Resy x) is a compatible isomorphism
KX/N(LY) = H?(Ly/K,, L) O

Corollary 6.1.8 (Classical Hasse Principle). A projective plane conic over Q has

a rational point if and only if it has a point in R and Q, for all primes p.

Proof. If there is a rational point, then there is obviously a point in all completions
of Q. Now suppose the conic has points in all completions of Q. After a change of
coordinates we may assume the conic to be of the form z? — ay® — bz? = 0 for some
a,b € Q. If a =0 or b =0, then it trivially has a rational point. Hence we may
assume a and b to be non-zero. In that case 22 — ay? — bz? = 0 has a rational point
if and only if a is a norm from Q(v/b) if and only if a is a norm from Q,(v/b) for all

p and from R(v/D). O

Remark 6.1.9. We can now give a funny proof that x*> + y* + 2> = 0 has no

non-trivial solutions in Q.

Proof. Note that 2% + y? + 22 = 0 has a non-trivial solution in a field K if and only
if —1 is a norm from K (7). We know that the equation has no non-trivial solutions
in R. By the fundamental exact sequence there must be another place where the
equation has no solutions since otherwise the sum of local invariants is 1/2 # 0.
But if p is an odd prime, then a pigeon hole argument shows that 22 4+ y? + 22 =0
has a solution in F, and by Hensel’s lemma also in @Q,. Thus we conclude that
22 + y? + 22 = 0 has no solutions in Q, without ever touching the field Q. O

Corollary 6.1.10 (Artin Reciprocity). Let L/K be a finite Galois extension, then
[[¢v(@) =1

forallx € K*, i.e. ¢r/i factors through Ck.
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Proof. Firstly note that only finitely many terms in the product are non-trivial
because for all but finitely many places v is unramified and = € O,. Moreover, for
any character y : Gal(L/K) — Q/Z we have x(¢,(z)) = inv,(x Udy) by 5.2.5, thus

the fundamental exact sequence shows

Zinvv(x Udyx) =0

v

and consequently
X (H qbv(a:)) = 0. O

Artin reciprocity is an extremely powerful result from which we will later gener-
alise the law of quadratic reciprocity to the power reciprocity law. But first we will
show how to concretely find information about solutions to cubic equations modulo

primes p € Z.

Proposition 6.1.11. Let f € Z[z] be a monic cubic whose discriminant A is a
square with prime divisors qi,...,q | A. If pt A is another prime, then whether

f(z) =0 has a solution in F, depends only on the residue class of p modulo

o m=qqy...q if 31A;
e m=3qq...q if 3| A

and there exist an index 3 subgroup H < (Z/mZ)* such that f has a solution modulo
p if and only if p+mZ € H.

Proof. As above let L be the splitting field of f over QQ, then all ramified primes of
L divide A. If p t A, then we can apply the Dedekind-Kummer theorem to show
that f(z) = 0 has a root in [, if and only if p splits in L if and only if ¢,(p) =1
if and only if Hézl ¢q:(p) = 1. If ¢; # 3, then it is at worst tamely ramified, has
conductor 1 (by 5.2.15) and so ¢,,(p) only depends on the class of p modulo ¢;. If
¢; = 3, then ¢, (p) depends on p modulo 3¢, where ¢ is the conductor of E/Q5 and
E is the splitting field of f over Q3. But this extension has degree at most 3 so
the index [Z5 : N(Ug)] is at most 3. However, it is well-known that one can lift a
generator of (Z/3Z)* to a topological generator of Z; and so Z3 has a unique open
index 3 subgroup, namely £(1 4 9Z3). Thus the conductor of E/Q is either 0 or 2.

Now that the modulus has been determined we note that Hi:l ¢g4, defines a
homomorphism (Z/mZ)* — Gal(L/Q). But we also know that one of the ¢,, is non-
zero since otherwise for all primes p, ¢, is zero but then the global Artin map is zero
which is a contraction since we prove in the next section that the global Artin map

is surjective. It’s kernel must therefore be an index 3 subgroup H < (Z/mZ)*. O
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Example 6.1.12. From the modulus m in the previous proposition we can explicitly
find all the residue classes for which the cubic has a solution by checking small

primes using a computer program. Here a list of examples which was produced in

this way
f A H
2 —Tr =7 72 +1 7
3 —3r+1 34 +1 9
44+ —1 132 +1,45 13
25 20 —1| 192 +1,£7,+11 19
2+ 422 —Tx+1| 37 +1, 46, +£8, +10, +11, +14 37
22+ 922 + 62 —1| 3172 +1, 45,48, +11, £23, +£25 63
23+ 622 —x—5 | 52-13% | £1,48, 412, +14, +18, 421,427,431 | 65

Note that if A = ¢" is a prime power, then the group of cubes is the unique
index 3 subgroup and so we don’t actually need to do this computation. Now we
investigate what happens if the discriminant of a monic cubic f € Z[z] is not a
square. Then the splitting field L = Q(f) is not abelian over @, but it is still
solvable. More concretely VA € L and L/Q(v/A) has degree 3.

Let p A be a prime. If A is not a square modulo p, then f has exactly one
solution in IF,. To see this note that F,(f)/F, has degree at most 3 since any finite
extension of finite fields is Galois. But F,(f) contains F,(v/A) which has degree 2
over F,. We conclude F(f) = F,(v/A) and f must have exactly one root as desired.

If A is a square modulo p > 2, then either f splits modulo p or is irreducible
modulo p. We have pOg = p1ps and p; splits in L if and only if f splits mod p.
The same holds for py, thus ¢,, (p) = Flrobg1 = 1 if and only if ¢y, (p) = 1 if and only
if f splits modulo p. However if we naively try to apply Artin reciprocity here, we
can only determine the product ¢y, (p)dy,(p) and not the individual factors. If the
p; = (o) are principal, then we can apply Artin Reciprocity to determine ¢, (o)
from congruence conditions on «;. More generally if 3 does not divide the class
number h(K), then p! = («;) is principal and we can get the answer from there

since 31 h and the image of the local Artin map is a group of order dividing 3.

Example 6.1.13. Let f = 2> —5x+5, then A = —5%-7 and if p is a prime such that
—7 is a square (mod p), then whether f splits (mod p) depends only on the class
of p modulo 7 and the classes of a,b modulo 5, where 4p = a® + Tb%. In particular if
pis a prime = 1,2,4 (mod 7), then f splits (mod p) if and only if 5 | ab.

Proof. Let K = Q(y/—7). This field has class number 1 and so p splits into principal
ideals and there exist a, b € Z such that 4p = a®+7b%. Let r = (a+b\/~T7)/2 € Ok,
then 77 = p and f splits in F, = Og/(r) if and only if (r) splits in L = Q(f)
if and only if ¢,.(r) = 1. By Artin reciprocity this only depends on r modulo
cubes in O /(5) and on r modulo cubes in Ok /(v/=7). Note that a = 2r = 2F
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(mod v/—7) and so 72 = p, hence ¢7(r) = ¢7(p~') only depends on the class of p
mod 7. Moreover, ¢5(r) only depends on the classes of a,b modulo 5. To check the

final statement it suffices to let a computer do the small primes. O]

When 3 divides the class number I don’t know how to solve this problem. But
of course one can also use similar methods to reason about roots of higher degree
polynomials modulo primes whenever the extensions involved are abelian or at least

solvable. We will later do this for polynomials of the form 2™ — a.

6.2 Global Norm Groups

We now establish the global analogue to the bijection between norm groups and
abelian extensions of a local field. In particular this will give rise to the Hilbert
class field of a number field which amongst other things can be used to study primes
of the form p = 2% + ny? [8].

Let L/K be a finite Galois extension of number fields with group G. Then Cp,

is a Z[G]-module and we have a natural isomorphism Cx = C¢ induced by the

inclusion Cx — Cf..

Theorem 6.2.1. Let L/K be a finite abelian extension, then ¢p/x : Cx /N(CL) —
Gal(L/K) is an isomorphism.

Proof. This statement is sensible because ¢, factors through Cx by 6.1.10 and at
each local factor ¢, factors through K)/N(LY), where w is a place of L above v.
By 6.1.5 it suffices to show that ¢,k is surjective. This is the case since Gal(L/K)
is generated by the decomposition groups. To see this let H < Gal(L/K) be the
subgroup generated by the decomposition groups and E = L its fixed field. Then
E, = K, for every prime p lying over a prime p of K. Hence every prime of K is

inert in £ but this implies that K = E as shown in the following lemma. O]

Lemma 6.2.2. Let L/K be a non-trivial extension of number fields, then there are

infinitely many primes of K which split in L.

Proof. ® By the theorem of the primitive element, there exists o € L such that
L = K(a). We may assume « € Oy, by scaling with a large integer. Let f be the
minimal polynomial of a over K. Then g(z) = Ng/q(f(x)) has coefficients in Z. We
show that there exist infinitely many primes p such that g has a root modulo p. Let
ag be the constant coefficient of g and suppose there were only finitely many such
P1,---,Ds, then g(py ... psapt) takes infinitely many values of the form agk, as t runs
through Z. So there exists a prime p,;1 and t € Z such that psia0 | g(p1 - .. psaot).
But g(p; ...psaot)/ap = 1 (mod p;) for all i € {1,...,s}, hence ps;; is not one of
the p;. Contradiction.

51 learned this proof from Wojtek Wawrow.
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Then by Dedekind-Kummer, for each such prime which doesn’t divide the dis-
criminant of f, any prime p of K lying above it splits in L. O]

As in the local theory, there is an existence theorem, i.e. for every open finite
index subgroup U < C there exists a finite abelian extension L/K such that
Ni/k(Cp) = U and the extension L is unique since ¢k is an isomorphism. As a

powerful consequence we have

Theorem 6.2.3 (Hilbert Class Field). Let K be a number field and let L/K be the
mazximal abelian unramified (also at infinite places) extension of K. Then L/K is
called the Hilbert class field of K and there exists a natural isomorphism Cl(K) —
Gal(L/K) which maps a prime ideal p to its Frobenius element.

Proof. Let L/K be an abelian extension. By 5.2.15 L/K is unramified at v if
and only if Ok, C N(L,) for a place w above v. Thus L/K is unramified if
and only if [[, O C N(I). On the other hand the map Ix — CI(K) which maps
(1,...,m,1,...) to the ideal class of p is surjective with kernel N = K*-][, OF. By
the existence theorem there exists an abelian extension L/K such that N(I;) = N
and so this must be the maximal abelian unramified extension of K and the Artin

map gives the isomorphism described in the claim. O

Corollary 6.2.4. Let K be a number field and L/K its Hilbert class field, then a
prime ideal p of K splits completely in L if and only if it is principal.

Proof. p splits completely if and only if its Frobenius element is the identity. By the
isomorphism Cl(K) — Gal(L/K) this happens if and only if p is principal. O

Corollary 6.2.5. Let n be square-free and % 3 (mod 4), then a prime p t 2n is of
the form x? +ny? with x,y € Z if and only if p splits completely in the Hilbert class

field of Q(v/=n).

Proof. Let K = Q(v/—n), then p is of the form 2% + ny? if and only if p splits
into principal ideals in K. Let L/K be the Hilbert class field of K, then L/Q is
Galois since if o is an automorphism of Q, then o (L) is another abelian unramified
extension of K and o(L) C L. Now p splits completely in L if and only if pOx = pp
for some prime ideal p of K which splits completely in L, i.e. is principal. In

conclusion p splits completely in L if and only if it is of the form 2 + ny?. O

Example 6.2.6. A prime p # 2,5 is of the form x?® + 5y* if and only if p = 1,9
(mod 20).

Proof. We need to find the Hilbert class field of K = Q(v/=5). Using the Minkowski
bound of 4y/5/7 < 3 and that 2 = (2,1 — /=5)? one checks that C1(K) = Z/2Z.
Thus it suffices to find an unramified extension of K of degree 2. Let L = Q(i,v/5) =
K (i), then L/K is at most unramified at the prime above 2. But 2Z has ramification
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index 2 in K and the prime above 2 in Q(i) is unramified in L, thus (2,1 — /=5)
is unramified in L as well. Consequently L is the Hilbert class field of K. A prime
p # 2,5 splits completely in L if and only if both —1 and 5 are squares mod p, i.e.
if and only if p = 1,9 (mod 20). O

Theorem 6.2.7 (Principal Ideal Theorem). Let K be a number field and L/K its
Hilbert class field, then every ideal of O becomes principal in O

Proof Sketch. Let E/L be the Hilbert class field of L, then L is the maximal abelian
extension of K contained in E and so Ng/k(Cr) = Ny/k(Cr). We get a commuta-

tive diagram

CUL) = HY(E/L, C) 2% H-2(E/L,7) = Gal(E/L)

ReST ResT

CUK) = AYE/K, Cp) 2% H*(E/K,Z) = Gal(L/K)

It turns out that the left vertical map is given by sending an ideal a — aQp, and the

right vertical map is always 0 by the following group theoretical theorem. O]

Theorem 6.2.8 (Furtwéngler). Let G be a finite group and H = |G, G| its commu-
tator subgroup, then the restriction ﬁ_Q(G, 7) — ]:I_Q(H, Z) is the zero map.

Proof. See [19] and [29]. O

Thus ideal factorisations in Ok become actual factorisations in Op, where L is
the Hilbert class field of K. However, in Of there are new ideals which are not
principal and to study them one might consider taking the Hilbert class field of
L as we already did in the proof of the Principal Ideal Theorem. Now a natural
question called the class field tower problem arises. Let K be a number field and
K its Hilbert class field and K™ the Hilbert class field of K"~ Is it true that
this tower of field extensions K C K' C K? C ... stabilises, i.e. eventually K"
has class number one? The answer is negative as was shown in 1964 by Golod and

Shafarevich.

Theorem 6.2.9. Let d = p; ...py with p; distinct primes = 1 (mod 4) and N > 6,
then the class field tower of K = Q(v/—d) is infinite.

Proof. This proof idea is presented in [21, I.5. Proposition 29]: If the class field tower
was finite then the maximal unramified /-extension of K for any prime ¢ would be
finite because (-groups are solvable. Let G be a the Galois group of the maximal
unramified (-extension of K. Now by 2.8.10, n = dim H'(G,Z/{Z) is the number of
generators needed to generate G as a pro-f group and r = dim H*(G,Z/(Z) is the
number of relations between these generators. For G to be finite there should be

a lot of relations between the generators of G since otherwise there is not enough
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cancellation. Indeed the Golod-Shafarevich inequality [21, I. Appendix 2] says that
for any finite f-group one has n?/4 < r which will be more than enough to derive a
contradiction.

In our case we set ¢ = 2, L/K the maximal unramified 2-extension of K and G
its Galois group which we assume to be finite. The extensions K (/p;)/ K are easily
seen to be unramified and so by considering the homomorphisms o — o(/p;)/\/Pi

we find n = dim H'(G,Fy) > N. Moreover, we have exact sequences

0—-0; =-U,—-U,/O0f =0
0—U,/Of = C, — CI(L) — 0,

where Uy, is the set of ideles x € I, such that x, is a unit for all places v of L. L has
no unramified 2-extensions and so the Hilbert class field of L has odd degree over L,
thus # CI(L) is odd and so by 2.4.11, H4(G, CI(L)) = 0 for all ¢ > 1. The restriction-
corestriction argument extends to Tate Cohomology by dimension shifting and so
HY(G,CI(L)) = 0 for all q. Further HY(L/K,U;) = @, HY(Ly/ Ky, Oy) = 0
since L/K is unramified. Thus the long exact sequence gives us isomorphisms
HY(G,0F) — HI"Y(G, CL). By Tate’s theorem H9™\(G, CL,) = H973(G, Z). Setting
q =0 we get H3(G,7Z) = H(G,0F). Since K is an imaginary quadratic field and
d > 3 it has 2 units and so dimg, H(G, OF) < 1. H3(G, Z) is dual to H2(G, Q/Z)
[19, 3.1.1] and hence also dim H?(G,Q/Z) < 1. Now consider the exact sequence
0—272/2Z —Q/Z 2 Q/Z — 0. Tt induces the exact sequence

H\(G,Z/2Z) —— H'(G,Q/Z) — HY(G,Q/Z)

H%(G,Z/22) — H*(G,Q/Z)[2] —— 0

from which we deduce n —r 4+ dim H*(G, Q/Z)[2] > 0 and hence r < n+ 1. But for
n > 6 this contradicts the Golod-Shafarevich inequality n?/4 < r. O

6.3 The Power Residue Symbol

The sequel is based on the exercises in [5] starting at page 348. The goal is to
make the abstract formulation of class field theory more concrete by deriving the
reciprocity law for mth powers which for m = 2 reduces to quadratic reciprocity.
Like the examples we saw in the last section this approach is based on the fact that
the global Artin map factors through the idele class group.

Let K be a number field containing the mth roots of unity p,,. Let S be the
set of infinite primes of K together with the primes dividing m. Moreover, for
a,...,a, € K* let S(ay,...,a,) be the set of primes in S together with those v
such that v(a;) # 0 for some i. For a € K* and b € I°@ where I°(¥ denotes
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the group of fractional ideals of K coprime to the elements of S(a), define the mth

power residue symbol (%) by

K,m

Frobyx (b)(Va) = (¢)  Va 3)
where L = K(%/a) and Froby g : I°@ — Gal(L/K) maps unramified primes to
their Frobenius elements. This is well-defined since K C L is an abelian extension.
If K and m are clear from context, we omit them from the notation. Raising both
sides of (3) to the mth power we see that (%) € [y, and moreover it is independent
of the choice of %/a since Gal(L/K) acts trivially on p,,. It follows directly from
(3) that whenever it is defined, the power residue symbol is multiplicative in both

arguments.

Lemma 6.3.1 (Generalised Euler Criterion). Fiz a € K* and let q ¢ S(a), then
m| (Nqg—1) and
(2) =q (mod q)
q K,m

and (%) 15 uniquely determined by this congruence. In particular the symbol only

depends on the class of a modulo q.

Proof. Since q ¢ S we have q 1 m and so there are m distinct mth roots of unity in
Ok /q since 2™ — 1 is a separable polynomial modulo q. This shows m | (Nq — 1).

By assumption a is integral in K. Let o™ = a, L = K(a) and Q a prime of L
lying over g, then

(%) a = Froby/k(q)(a) = o™ (mod Q)
by definition of the Frobenius. If o € 9, then a« = o™ € QN K = q which
contradicts q € S(a). Hence « is invertible modulo 9 and dividing by « yields the
desired congruence. Moreover this determines the symbol because O /q contains

m distinct mth roots of unity. m

Lemma 6.3.2. Fira € K* N Ok, let b € I® be integral (i.e. b is coprime to m)
and ¢ € iy, then

Proof. We will apply the generalised Euler criterion 6.3.1 and multiplicativity of the
power residue symbol. Let q be a prime dividing b, then ¢ is coprime to m and as
above, the restriction of p,, to Ok/q is injective and so the congruence in 6.3.1 is
actually equality in our situation.

For p | b write Np = 1+r,m. Using multiplicativity of the power residue symbol

73



and lemma 6.3.1 we conclude

Moreover, we have

Nb = H(l +rym)® =14 erpvp(b) (mod m?)
P P

which completes the proof. O]

To be able to use the theorems of class field theory we relate the power residue
symbol to the Hilbert symbol. For a place v of K we will write (-,-), for the mth
Hilbert symbol (-, )k, m-

Lemma 6.3.3. Fira € K*,b€ K, and p € S(a), then

a vp (b)
(a,)y = (—) -
p K,m

Proof. Applying 5.2.4 with the Kummer character of a we get
Xa(®p(b)) = inv(bU §%a).

The lemmas 2.5.8 and 2.5.10 imply that x,(¢,(b)) = invg (daUdb) = (a, b), and thus
(a,b)y ¥/a = ¢p(b)(¥/a). Now it suffices to check that ¢,(b) = Froby(ma,x ()"
but this follows since p & S(a) is unramified in K( {/a). O

For a,b € K* we define

()= (o),

where (bOf)%@ is obtained from the fractional ideal bOf by throwing out all the

prime factors from S(a).

Proposition 6.3.4. For a,b € K* we have the reciprocity law
a b\ !
G)) = I tan
peS(a)NS(b)
Proof. By lemma 6.3.3 we have
ay (b7 1
(Z) a = H (a,b)p H (b, (l)p .
pZS(b) pZS(a)
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The fundamental exact sequence 6.1.6 shows that the product of the Hilbert symbols
over all places equals 1. Applying this and skew-symmetry 2.5.8 we obtain

ay (b\ _
() e Moo (1) (11 o
pes(b) peS(a) peS(a)NS(b) peS(a)us(b)

By lemma 6.3.3, the product over S(a) U S(b) includes all nontrivial factors and

hence equals 1, again by the fundamental exact sequence. O

Corollary 6.3.5 (Quadratic Reciprocity). Let p, q be distinct odd primes in N, then

(o)== ()

where (g) 15 the classical Legendre symbol.

Proof. Let K =Q, m = 2 and p, q be distinct odd primes, then

(g) . (P, D)2(P, ) <%>@,2 |

(p,q)o = 1 since p > 0 and ¢ > 0. Moreover, (p,q)s = 1 if and only if the equation
v? —py* — ¢’
reduction mod 8 one can check that (p,q)s = —1 if p = ¢ = —1 (mod 4) and

= 0 has a non-trivial solution in Q,. Using Hensel’s lemma and

(p,q)2 = 1 otherwise. Finally, by 6.3.1 the second power reside symbol is just the
Legendre symbol. O

6.4 Application to Fermat’s Last Theorem

Let p be an odd prime number and denote by FLT;(p) and FLT(p) the following

properties

FLT(p):\V/i,y’ZEZ:xp_l_yP:Zp — fL‘yZZO,
FLT (p) : Va,y,2 € Z 1 aP + 9P = 2P = p | zyz.

In [15] it is shown that = FLT;(p) implies that p belongs to several restrictive
classes of primes. For example that p is a Wieferich prime, i.e. that 2P71 = 1
(mod p?). The only known Wieferich primes are 1093 and 3511 [1]. Using the
theory developed in the previous section we are able to give this proof.

Let ¢ be a primitive pth root of unity, K = Q(¢) and S = {p}, where p =
(¢ — 1)Ok, so that pOx = pP~! and p is the only rational prime which is ramified
in K. To apply the theory of the power residue symbol to this setup we will need

to compute some Hilbert symbols and here is our main tool for this:
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Lemma 6.4.1. Let L be a local field containing the mth roots of unity and a,b € L*
such that a + b is an mth power, then (a,b)p ., = 1.

Proof. We show that b is a norm from L( {/a). Indeed let o™ = a and g C p,y, the
image of Gal(L( {/a)/L) < piy, : 0 — o(a)/a. Let (1, ..., (, be coset representatives
of fig in i, and 2™ = a + b, then b = 2™ — o™ = [[/_, N(z — (). O

Lemma 6.4.2. Let x,y, z € Z pairwise coprime such that xP + y? = 2P and p 1 yz.
Let n be coprime to p and z, then the pth power residue symbol satisfies (%y() =
(9"

Proof. This is Lemma 1 in [15] and we give the same proof with a bit more details.
By assumption n is coprime to z and hence to z? = a? — (—y)? = [[_, (z +yC*). As
n is also coprime to p this shows that (nOg)%@+¥9) = nOk. Moreover ( is a unit,

so S(¢) =S = {p} and thus

() () -G Go) =) =6

where o = (2 + y¢)¢¥%/*. Hence it remains to show that (%) =1.

aOk = (x+y()Ok is a pth ideal power. To see this observe that for pth roots of
unity ¢ # ¢’, any common prime factor of (z + y()Ok and (z 4+ y¢")Ok also divides

(x+y¢) = (z+y¢) =y =)0k = yp

and hence does not divide z by assumption. Consequently the formula (20k)P =
P_ (@ +yC*)Ok shows that each x 4+ y(* is a pth ideal power.
The multiplicativity of the power residue symbol in the second factor now shows

(g) = 1. The reciprocity law 6.3.4 in our case reads

<%) (g>_1 - H (n’a)q = (n7a>P7

qeS(n)NS(a)

where the second equality holds because S = S(n) N S(«), as any prime dividing «
also divides z which is coprime to n. Thus it remains to show that (n,a), = 1.

To compute this Hilbert symbol it turns out to be useful to know that a?~! =1
(mod p?). Observe that p € p?~! C p? and

(z+y) +y(¢ — 1)Y= (z+y((— 1)
z- (14 (C—1D)*¢¥* =2 (mod p?)

«

and so a?~! = 277! = 1 (mod p?). Now write a?! = 1 — 8 with 8 € p? and

nP~t =1 —~ with v € pP~! = pOg.
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We will show that 1 — v is a pth power in K. Then 6.4.1 shows that (1 —~,v—
~vB) =1 and so

(n,a) =" o) =(1=71=-0)=1=7,1=-8)1—-7,7) = (1—7,7—78) = L

So let us show that 1 — 3v is a pth power in K. Let A =1 — ¢ and consider the
equation (1 4+ Az)? =1 — . This is equivalent to

i (i) NPk = ByAP, (4)

k=1
Note that
P _ml-¢
w1 T —H(1+C+---+C“)E (p—1D!'=-1 (modp)

and so (4) modulo p becomes 2P — 2 = 0 and by Hensel’s lemma there exists x € K,
such that (1 + Ax)? = 1 — B, as required. O]

Now we are ready to show

Theorem 6.4.3. Suppose p is an odd prime such that there exists x,y,z € Z with
2P + yP = 2P and pt wyz, then 2P~1 =1 (mod p?).

Proof. We can assume that x,y, z are pairwise coprime and after rearranging the
equation that y is even and that z and x are odd. Now the conditions of lemma

6.4.2 are satisfied for n = 2. As above, x 4+ y( is coprime to 2 and p and so

(55) (5~ &)
20k ) 2 S \2 -\ 20k '

The goal is to show that
LS
20k ’

2P—1 4

1=¢ »

which implies that 27~ =1 (mod p?).

because then 6.3.1 shows

z+y¢

20K> only depends on the class of x + y(

By 6.3.1 the power residue symbol (
modulo 2. Thus

Lo (N () (T
S \20k/)  \ 20k ) \20g
and since y/z # 0 (mod p), we have (ﬁ) =1. ]
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If 2p | x, then we have y/z =1 (mod p) since x =z —y =0 (mod p). Thus

(s6) - (o) - ()
20 ) \ 20k )]  \ 20k

doesn’t give us any information, so the assumption p { zyz is essential.

7 The Structure of Absolute (GGalois Groups

In this final section we indicate some questions in Galois Cohomology which have
been studied more recently. The classical inverse Galois problem for a field k asks
which finite groups appear as Galois groups of Galois extensions of k. Historically,
the particular case k = Q has sparked a lot of interest. One of the major results in
this area is a theorem due to Shafarevich which states that any finite solvable group
appears as a Galois group of a finite extension of Q, see [19, Chapter IX] for the
proof (which is very involved).

More generally, one can ask which profinite groups appear as absolute Galois
groups of some field. This is a widely open problem but some restrictions on such
groups are known. For example a classical theorem by Artin-Schreier shows that all
finite subgroups of an absolute Galois group are of order at most 2. Another strong
restriction on the structure of absolute Galois groups is the Bloch-Kato conjecture,
which is now a theorem due to Voevodsky. Beyond that it has recently been shown
that all triple Massey products vanish in Galois Cohomology with F, coefficients

[18] which has some consequences for absolute Galois groups, as well.

7.1 The Bloch-Kato Conjecture

Let k be a field. Then we define the Milnor K-groups as Ko(k) = Z, Ki(k) = k*

and when n > 2
K,(k) =k ®z- - Qzk* /(a1 ®---®@ay,:a; +a; =1 for some i # j)

Fix an integer ¢ which is invertible in k£ and let u, be the fth roots of unity in
a separable closure of k. Then the Kummer sequence gives us an isomorphism
ot Ky(k)/t = k*/(k*)" — H'(k,p). Together with an isomorphism u§™ — p,
the cup product induces a map 9" : (k*)®" — H™(k, ) : 01 ® -+ @ T, — O (1) U
-+-UdY(x,). Similarly to lemma 6.3.3 one can show that 9" factors through K, (k) /¢

[9, Proposition 4.6.1]. Now we can formulate the Bloch-Kato conjecture:

Theorem 7.1.1. Let k be a field and ¢ an integer coprime to the characteristic of
k, then the map 0" : K, (k)/{ — H"(k, pe) is an isomorphism for n > 1.

Proof. The case n = 2 is the Merkurjev-Suslin theorem [9]. The general case was

finally proven by Voevodsky [25]. O
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Corollary 7.1.2. For k and { as in the theorem, the cohomology Ting H*(k, ) is
generated by elements in degrees 1 and 0 and the relations are generated by relations

of degree 2.

Theorem 7.1.1 is a fundamental result on the structure of the Galois Cohomology
of a field and has many implications, for example for central simple algebras [9,
Theorem 2.5.7]. It is also used in [12] to bound cd,(k) in terms of the diophantine
dimension of k, which is the least r such that k has property C,. Furthermore we
can recover the Artin-Schreier theorem of which there is an elementary proof [6] but

which is hard to remember.

Corollary 7.1.3 (Artin-Schreier theorem). Let k be a field and Gy, its absolute

Galois group, then every finite subgroup of Gy has order at most 2.

Proof. Let £ be an odd prime different from the characteristic of k. Suppose G = Gy,
has an element o of order ¢. Let C be a separable closure of k, then C'/C? is a Galois
extension with Galois group H = (o). The degree C7(u,)/C? divides £—1 and hence
is coprime to ¢ and p, C C?. H is cyclic and both N : uy — pp and (1—0) @ g — pi
are the zero map, so H'(H, jip) 2 F, and H?(H, ;) = F, by 2.3.2. The cup product
is an antisymmetric bilinear map F, xF, — F,. Since ¢ > 2, the only such map is the
zero map. But then H?(H, 11,) is not generated by degree 1 elements, contradicting
the Merkurjev-Suslin theorem.

If char(k) = p and G has an element o of order p, then the short exact sequence
0—=F,—CZ5%C—0

induces an exact sequence
HY(C?,C) — H*(C?,F,) — H*(C’,C),

so by additive Hilbert 90, H?(C°,F,) = 0. On the other hand Gal(C/C?) & (o) =
F, and H*(F,,F,) = F, which is a contradiction.

Consequently any finite subgroup of G must be a 2-group and if char(k) = 2,
then there are no nontrivial finite subgroups by the argument above.

If K is a field of characteristic # 2 such that [C' : K| = 2, then —1 is not a
square in K. Suppose otherwise and let C = K(3) with 8*> € K and 8 ¢ K. Then
since C' is algebraically closed, there are x,y € K such that (z + y3)* = 3. Hence
22 + f%y?* = 0 and so 8 = +xi/y € K where i € K is a square-root of —1. Absurd.

Now suppose H < G is a finite subgroup, then |H| is a power of 2 and in
particular H is solvable. Thus if |H| > 2, there are fields £ C K C C such that
[C: K] =[K:FE]=2. Then i ¢ K shows that [F(i) : E] = [C : E(i)] = 2 but by
the observation above, i € E(i) which is a contradiction. Hence all finite subgroups
of G have order at most 2. O
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